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Abstract 

There are a variety of industrial products that possess periodic textures or surfaces, 

such as carbon fiber textiles and display panels. Traditional image-based quality 
inspection methods for these products require identifying the periodic patterns 

from normal images (without anomaly and noise) and subsequently detecting 

anomaly pixels with inconsistent appearances. However, it remains challenging to 
accurately extract the periodic pattern from a single image in the presence of 

unknown anomalies and measurement noise. To deal with this challenge, this 

paper proposes a novel self-representation of the periodic image defined on a set 

of continuous parameters. In this way, periodic pattern learning can be embedded 
into a joint optimization framework, which is named periodic-sparse 

decomposition, with simultaneously modeling the sparse anomalies and Gaussian 

noise. Finally, for the real-world industrial images that may not strictly satisfy the 
periodic assumption, we propose a novel pixel-level anomaly scoring strategy to 

enhance the performance of anomaly detection. Both simulated and real-world 

case studies demonstrate the effectiveness of the proposed methodology for 
periodic pattern learning and anomaly detection. 

Keywords: Periodic Pattern; Image Anomaly Detection; Quality Inspection; Anomaly 

Scoring; Periodic-Sparse Decomposition. 

 

1. Introduction 

A variety of industrial products feature periodic textures and surfaces, including carbon fiber 

textiles (Szarski and Chauhan, 2022; Zambal et al., 2015; Zhang et al., 2018), periodic texture 

textiles (Ngan et al., 2008), and display panels (Çelik et al., 2022; Kim et al., 2020). In the 
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product manufacturing process, operational and mechanical failures can lead to anomalies on 

the product surface. As a result, ensuring effective inspection and control of product quality on 

these surfaces is crucial within the modern manufacturing industry. 

In the field of anomaly detection for product surfaces, recent research has tended to utilize 

training-based methods. However, the collection and labeling of training datasets for each 

specific texture can be both labor-intensive and costly due to the wide range of patterns and 

textures observed on product surfaces. As a result, untrained anomaly detection methods that 

analyze a single input sample and do not require additional training data have attracted 

significant attention. 

Most existing untrained anomaly detection methods focus on simple product surfaces, 

such as smooth surfaces (Tao and Du, 2023; Tao et al., 2023; Yan et al., 2017). However, these 

methods cannot be applied to non-smooth surfaces commonly in manufacturing products, such 

as general axis-symmetric surfaces and periodic surfaces. For axis-symmetric surfaces, Cao et 

al. proposed an untrained anomaly detection method based on robust principal component 

analysis (Cao et al., 2024). Several studies have also proposed untrained anomaly detection 

methods for images with periodic texture, including spectral methods and low-rank 

decomposition methods (Cao et al., 2017; Hou and Zhang, 2007; Shi et al., 2021). However, 

most of these methods were developed for the fabrics industry and have limitations when 

applied to more complex periodic surfaces.  

 

Figure 1. Periodic images with (a) Gaussian noise and (b) non-Gaussian noise 
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One significant limitation is that periodic pattern information cannot be exactly extracted, 

thereby hindering the estimation of pixel distribution and further anomaly detection. Moreover, 

due to the quality inspection environment, different noises will occur for precise anomaly 

detection. For example, Figure 1 shows the synthetic periodic image with Gaussian noise and 

a real industrial periodic image with non-Gaussian noise. The pattern marked in the circle of 

Figure 1(b) is caused by environmental lighting, which is usually misidentified as anomalies. 

The existing detection methods cannot deal with this challenge because they simply locate the 

anomalies without the estimation of pixel distribution.  

To fill the above research gaps, we aim to develop an untrained anomaly detection 

methodology for real industrial images with periodic textures. This methodology will learn 

periodic patterns and handle textures with complicated noises. However, achieving this goal is 

challenging due to the following factors: (i) Accurately extracting periodic patterns from a 

single image is difficult, especially in the presence of anomalies and significant noise. (ii) The 

images of periodic surfaces may have varying periodic directions. They may not exhibit 

periodic patterns in either the horizontal or vertical direction, which makes it challenging to 

recognize the periodic patterns. (iii) Due to the randomness of manufacturing environments, 

some regions of the surfaces may not strictly satisfy the periodic assumption. This effect is 

especially pronounced in pixel regions with high gradients in real-world industrial images, 

thereby leading to false detection as anomalies. Here, the high gradients of pixels mean that the 

neighboring pixel values have a large difference. 

To address the challenges mentioned above, we propose a novel approach for representing 

periodic patterns and apply it to untrained anomaly detection tasks for periodic images. The 

key contributions of our work are as follows: 

 To address the first challenge, we propose a novel representation method for periodic 

patterns. Concretely, we introduce a novel self-representation defined by continuous 

parameters to represent an ideal periodic image. Subsequently, we propose a joint 

optimization framework named periodic-sparse decomposition (PSD), designed to 

simultaneously estimate the periodic background, sparse anomalies, and Gaussian noise. 
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 The PSD framework requires horizontal or vertical periodic directions. To 

accommodate PSD to images with diverse periodic directions, as stated in the second 

challenge, we propose an image rotation and reconstruction module. This module adjusts 

the image orientation to match the required periodic direction and reconstructs the 

reference image accordingly. 

 For the real industrial images, we observe that the values of normal pixels violating 

the strict periodicity are associated with larger variabilities. Therefore, incorporating the 

variability of pixel values into anomaly scores can effectively alleviate the false detection 

issue. To this end, we propose a novel pixel-level anomaly strategy based on normalized 

distance to enhance the anomaly detection performance. 

The remainder of this article is organized as follows: Section 2 reviews the related 

literature on anomaly detection methods for periodic images. Section 3 introduces the proposed 

periodic pattern representation, the PSD framework, and the overall procedure for processing 

real industrial images. Section 4 provides extensive case studies in numerical and real images 

to validate our method. Finally, this article is concluded in Section 5. 

 

2. Literature Review 

Anomaly detection methods for periodic images can be categorized based on their dependency 

on a training process and dataset into two distinct types: training-based methods and untrained 

methods. 

 

2.1 Training-based Anomaly Detection for Periodic Images 

Training-based methods aim to learn normal appearances and features, not limited to the 

periodicity, from the training dataset. In the training stage, features are extracted from training 

images by Gabor filtering or modern deep learning techniques in the literature, enabling 

anomaly detection in subsequent test images. 
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Gabor filtering-based techniques (Jia et al., 2017; Mak and Peng, 2008; Mak et al., 2009) 

utilize Gabor filters to capture fundamental features from anomaly-free images. These features 

are then used to design specific Gabor filters tailored for anomaly detection, capable of 

identifying anomalies against backgrounds with textures similar to the anomaly-free training 

images.  

Deep learning methods, on the other hand, employ unsupervised visual anomaly detection 

models. These models distinguish anomalies by contrasting the features of normal and 

abnormal samples (Bergmann et al., 2020; Yu et al., 2021). Deep learning methods are not 

constrained by texture regularity, allowing them to handle both regular and irregular textures, 

with generally superior performance observed in regular textures. 

The primary limitations of training-based methods stem from the need for training datasets 

and the process of model training. Acquiring and annotating datasets for different textures can 

be both time-consuming and expensive. 

 

2.2 Untrained Anomaly Detection for Periodic Images 

Untrained methods for detecting anomalies in periodic images encompass the following 

categories: 

1) Statistical Methods: Statistical techniques employ the sliding window technique to 

capture patches of the input image, allowing for the analysis of the spatial feature 

distribution of gray values, including gray-level co-occurrence matrices (GLCM), 

autocorrelation analysis, and fractal dimension analysis. Pixels with statistical features of 

surrounding pixels that deviate from the distribution will be detected as anomalies. For 

example, Raheja et al. extracted textural features from fabric images using GLCM and 

implemented a sliding window technique for anomaly detection. This method involves the 

window moving across the entire image, computing textural energy from the GLCM of 

the fabric image. The energy values are then compared to a reference, with deviations 

beyond a threshold reported as anomalies (Raheja, Ajay, et al., 2013; Raheja, Kumar, et 
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al., 2013). These statistical methods are adept at identifying anomalies in fabrics with 

simple and uniform weaves, such as plain and twill. 

2) Spectral Methods: Fourier and wavelet transforms are widely applied for image anomaly 

detection. Hou and Zhang introduced an innovative object detection technique utilizing 

the log Fourier spectra of images, which proves effective in anomaly detection without 

necessitating prior background knowledge (Hou and Zhang, 2007). However, this method 

is sensitive to noise and requires a strict periodic background. Yang et al. developed a 

fabric anomaly detection method utilizing an adaptive wavelet-based feature extractor 

(Yang et al., 2002). In this method, the periodicity is attributed to the yarn fabric, while 

more general periodic patterns remain unexplored.  

3) Low-rank Decomposition-based Methods: Low-rank decomposition techniques have 

become increasingly prevalent for anomaly detection on periodic images. These methods 

capitalize on the intrinsic low-rank property of periodic images, whether in feature space 

or within the original data itself.  

 Low-rank Decomposition of Original Image Matrix: For most textile textures, 

including uniform and periodic textures, the matrix of pixel values of the input image can 

be considered as a low-rank matrix. The anomalies in periodic textures can be regarded as 

sparse matrices (Huangpeng et al., 2018). By leveraging the characteristics of low-rank 

background and sparse anomalies to estimate the low-rank and sparse components, low-

rank decomposition methods are utilized for anomaly detection in textile images (Mo et 

al., 2021; Shi et al., 2019, 2021). However, the low-rank decomposition of the original 

image matrix fails to handle periodic textures with periodic patterns in varying directions 

(Tsai and Hsieh, 1999). 

 Low-rank Decomposition of Features: As features capture more semantic 

information than individual pixels, the generalization of low-rankness into feature space 

introduces greater applicability to real images. Li et al. proposed an efficient second-order 

orientation-aware descriptor, denoted as GHOG, combining Gabor and histogram of 

oriented gradient (HOG) (Li et al., 2019). Based on the proposed GHOG, a low-rank 
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decomposition model was developed for fabric anomaly detection. Furthermore, Cao et al. 

introduced a least-square regression model guided by prior knowledge to replace the 

popular nuclear norm for low-rank representation, improving the computational efficiency 

(Cao et al., 2017). One limitation of feature low-rank decomposition approaches is that 

they are patch-level anomaly detection, resulting in inaccurate shape descriptions of the 

anomalies and poor performance when dealing with small and subtle anomalies. 

In summary, the literature still lacks an untrained anomaly detection method to deal with 

periodic images with concentrated noises. A viable approach to deal with this challenge is to 

extract the periodic pattern and estimate the pixel distribution. To fill the above research gap, 

we propose the PSD-based methodology as illustrated in Section 3. 

 

3. PSD-based Methodology  

The intrinsic representation for an ideal periodic signal can be defined by its fundamental period 

𝑻, i.e., the interval between successive repetitive units. With a known 𝑻, one can infer the 

expected value of a query point 𝒑 by combining the in-phase points, whose distances to 𝒑 are 

integer multiples of 𝑻. 

However, estimating 𝑻 from discrete data (such as time series and images) is a highly 

nonconvex problem and challenging to optimize (Liu et al., 2004; Quinn and Thomson, 1991; 

Rife and Boorstyn, 1974). To avoid the explicit estimation of 𝑻, we propose a novel self-

representation of the periodic signal defined on a set of continuous parameters in Subsection 

3.1. To account for the presence of sparse anomalies and random noise, we further develop an 

optimization framework named Periodic-Sparse Decomposition (PSD) in Subsection 3.2. 

Finally, we propose our untrained anomaly detection method for real cases with irregular 

periodic directions and the non-strict periodic assumption in Subsection 3.3. 
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3.1 A Novel Periodic Pattern Representation Method 

We first discuss the self-representation model for 1D periodic signals and then generalize it to 

2D images. 

 

3.1.1 Self-Representation for 1D Signals 

In this subsection, we begin by developing a formal description of the 1D periodic signal and 

relate it with the estimation of the period 𝑇 by summarizing a self-representation equation. 

We denote 𝒚 = [𝑦1 𝑦2 ⋯ 𝑦𝑛] ∈ ℝ𝑛  as an ideal periodic signal. Since 𝒚  is ideal 

periodic, for ∀𝑖 = 1,2, ⋯ , 𝑛, 𝑦𝑖 equals the weighted average of the values of the in-phase points 

(𝑦𝑗 , where 𝑗 = 𝑘𝑇 + 𝑖, 𝑘 ∈ ℤ, and 𝑗 ∈ [1, 𝑛]). That is, for ∀𝑖 = 1,2, ⋯ , 𝑛, 

 𝑦𝑖 = ∑ 𝑅𝑖,𝑗𝑦𝑗
𝑛
𝑗=1 ,  

 𝑠. 𝑡.  𝑅𝑖,𝑗 {
≥ 0, 𝑗 = 𝑘𝑇 + 𝑖, 𝑘 ∈ ℤ
= 0, others                    

 ;   ∑ 𝑅𝑖,𝑗
𝑛
𝑗=1 = 1. (1) 

Denoting the matrix 𝑹 ∈ ℝ𝑛×𝑛 collects all {𝑅𝑖,𝑗}, we organize the above Eq. (1) into a matrix 

form, i.e., 𝒚 = 𝑹(𝑇) ∙ 𝒚, which is a self-representation of 𝒚 w.r.t. 𝑇. Notably, there is an infinite 

number of solutions for 𝑹.  

Our objective is to find an optimal 𝑇 that satisfies Eq. (1), which is challenging in practice 

as 𝑇 is required as a positive integer. Enumerating all possible 𝑇 is computationally intensive, 

especially when the task of periodic pattern learning is embedded into another top-level task, 

e.g., anomaly detection, see Section 3.2. To address it, we introduce an 𝑛 -dimensional 

continuous vector, 𝝀 = [𝜆0, 𝜆1, . . . , 𝜆𝑛−1]𝑇 ∈ ℝ𝑛, referred to as the periodic pattern vector. This 

vector is used to construct an 𝑹(𝝀) with the form 𝑹(𝝀) = 𝑾(𝝀) ∙ 𝑺(𝝀). In this expression, 𝑺(𝝀) 

is an ℝ𝑛×𝑛  matrix with elements 𝑆𝑖,𝑗 = 𝜆|𝑖−𝑗| , and 𝑾(𝝀)  is an ℝ𝑛×𝑛  diagonal matrix where 

each diagonal entry 𝑊𝑖𝑖 =
1

∑ |𝜆|𝑖−𝑗||
𝑛
𝑗=1

.  

The following Proposition 1 indicates that if 𝝀 meets certain conditions, we can directly 

derive a solution of 𝑹 in Eq. (1). Furthermore, we can relax the requirement of 𝝀 by simply 
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finding a sparse 𝝀. Subsequently, since 𝝀 is defined on 𝑛-dimensional continuous real space, 

the optimization is more feasible than directly estimating 𝑇, which can be dealt with by the 

gradient descent-based algorithms. 

Proposition 1. If the 𝑙𝑡ℎ entry 𝜆𝑙 of the periodic pattern vector 𝝀 is only non-zero for 𝑙 = 𝑘𝑇,

𝑘 ∈ ℕ, the matrix 𝑹(𝝀) = 𝑾(𝝀) ∙ 𝑺(𝝀) will satisfy the constraints in Eq. (1). Additionally, 

𝑹(𝝀) satisfies the self-representation condition stipulated by 𝒚 = 𝑹(𝝀) ∙ 𝒚.  

Discussion of Proposition 1. Our approach involves a strategic relaxation of the first constraint 

of 𝑹 as specified in Eq. (1), i.e., the periodicity requirement, through the use of the symmetric 

Toeplitz matrix 𝑺(𝝀) . The matrix 𝑺(𝝀)  is structured such that 𝑆𝑖,𝑗  is non-zero only when 

|𝑖 − 𝑗| = 𝑘𝑇, consistent with the periodicity constraint of Eq. (1). In addition to 𝑺(𝝀), we 

incorporate the matrix 𝑾(𝝀) as a normalization factor, which effectively embodies the second 

constraint of Eq. (1). Hence, once 𝝀 has the property in Proposition 1, it can be easily checked 

that Eq. (1) holds true. 

 

3.1.2 Self-Representation for 2D Images 

Next, we discuss how to generalize the above proposition for the ideally periodic image 𝒀 ∈

ℝ𝑛×𝑛, which presents periodicity in both the horizontal and vertical directions. We denote 𝝀𝟏 

and 𝝀𝟐 as periodic pattern vectors along vertical and horizontal directions respectively. From 

Proposition 1, we have  

 𝒀 = 𝑾(𝝀𝟏) ∙ 𝑺(𝝀𝟏) ∙ 𝒀, (2) 

 𝒀𝑻 = 𝑾(𝝀𝟐) ∙ 𝑺(𝝀𝟐) ∙ 𝒀𝑇 , (3) 

where Eqs. (2) and (3) indicate the vertical and horizontal periodicity, respectively. Combining 

Eqs. (2) and (3), we obtain the joint self-representation of 𝒀 as 

 𝒀 = 𝑾(𝝀𝟏) ∙ 𝑺(𝝀𝟏) ∙ [𝑾(𝝀𝟐) ∙ 𝑺(𝝀𝟐) ∙ 𝒀𝑇]𝑇 . (4) 
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3.2 Periodic-Sparse Decomposition (PSD) 

In real-world industrial data, noise is inevitable, and anomalies may occur in some defective 

products. Anomalies are defined as faults whose value differ from the expected value of the 

periodic background significantly (Yan et al., 2017). To deal with this case, we first decompose 

the input signal to periodic background, sparse anomalous regions, and Gaussian noise. Then, 

a novel optimization framework, namely PSD, is presented to estimate the above components. 

We first develop the model for 1D signals and then generalize it to 2D images. 

 

3.2.1 Periodic Signal Decomposition Optimization Framework 

A 1D periodic signal can be decomposed into three parts: 𝒚 = 𝒚∗ + 𝒂 + 𝒆. 𝒚∗ ∈ ℝ𝑛 represents 

the ideal periodic signal without anomalies or noise, 𝒂 ∈ ℝ𝑛  represents the sparse anomalies, 

and 𝒆 ∈ ℝ𝑛 denotes the random noise.  

Based on the above decomposition, we can estimate 𝝀, 𝒂, and 𝒆 by solving the following 

constrained problem 

 min
𝝀,𝒂,𝒆

‖𝒚∗ − 𝑹(𝝀) ∙ 𝒚∗‖2
2 + 𝛽1‖𝒂‖1 + 𝛽2‖𝒆‖2

2, 

 𝑠. 𝑡.  𝒚 = 𝒚∗ + 𝒂 + 𝒆.  (5) 

The above Problem (5) means that we aim to promote the periodicity of 𝒚∗ according to 

our Proposition 1, while encouraging the sparsity of 𝒂 and controlling the magnitude of 𝒆. It is 

challenging to solve Problem (5) due to its non-convex nature. On the other hand, we can 

observe that Problem (5) becomes convex w.r.t. 𝒂  and 𝒆  for a fixed 𝝀 , which can be easily 

handled. Therefore, we aim to solve Problem (5) by alternating update 𝝀, 𝒂, and 𝒆. 

However, for the fixed 𝒂, and 𝒆, the term ‖𝒚∗ − 𝑹(𝝀) ∙ 𝒚∗‖2
2 in (5) is still non-convex w.r.t. 

𝝀. To simplify the optimization and concurrently ensure the accurate estimation of 𝝀, we further 

modify the problem (5) by incorporating convex approximation and additional regularizations 

as follows. 
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 We approximate ‖𝒚∗ − 𝑹(𝝀) ∙ 𝒚∗‖2
2  with ‖𝒚∗ − 𝑺(𝝀) ∙ 𝒚∗‖2

2 . The above 

approximation indicates that 𝑾(𝝀) is required to be close to the identity matrix 𝑰𝑛. To 

achieve it, we introduce the penalty ∑ (𝟏𝑛
𝑇 ∙ |𝑺𝑖| − 1)

2𝑛
𝑖=1   with a tuning parameter 𝜌1 . 

This strategy enables a convex objective function w.r.t. 𝝀. 

 Proposition 1 shows that the optimal solution of 𝝀 is sparse. Therefore, we use 𝐿1 

penalty ‖𝝀‖1 with tuning parameter 𝜌2 to promote the sparsity of 𝝀 to get a better solution. 

To verify the effect of 𝜌2‖𝝀‖1, we test PSD under different 𝜌2 values, and the results are 

shown in Appendix A. 

 To avoid obtaining the trivial solution such as 𝝀 = [1 0 ⋯ 0]𝑇 , we restrict the 

first 𝑝 components of 𝝀 to zero. Due to the penalty ∑ (𝟏𝑛
𝑇 ∙ |𝑺𝑖| − 1)

2𝑛
𝑖=1 , when the first 

𝑝 components of 𝝀 are 0, the last 𝑝 components of 𝝀 will ultimately be optimized to 0. 

Therefore, we also set the last 𝑝 components to 0 directly. 

Considering the above approximations and penalty terms, the objective function for 

optimizing 𝝀 with fixed 𝒂 and 𝒆 is rewritten as: 

min
𝝀

ℒ1(𝝀) = ‖(𝒚 − 𝒂 − 𝒆) − 𝑺(𝝀) ∙ (𝒚 − 𝒂 − 𝒆)‖2
2 + 𝜌1 ∑ (𝟏𝑛

𝑇 ∙ |𝑺𝑖| − 1)
2𝑛

𝑖=1 + 𝜌2‖𝝀‖1, 

 𝑠. 𝑡. 𝜆𝑖 = 0, 𝑖 = 0,1, ⋯ , 𝑝 − 1, 𝑛 − 𝑝, ⋯ , 𝑛 − 1. (6) 

The objective function for optimizing 𝒂 with a fixed 𝝀 and 𝒆 is rewritten as Problem (7): 

 min
𝒂

ℒ2(𝒂) = ‖(𝒚 − 𝒂 − 𝒆) − 𝑾(𝝀) ∙ 𝑺(𝝀) ∙ (𝒚 − 𝒂 − 𝒆)‖2
2 + 𝛽1‖𝒂‖1. (7) 

The objective function for optimizing 𝒆 with fixed 𝝀 and 𝒂 is rewritten as the Problem (8).  

 min
𝒆

ℒ3(𝒆) = ‖(𝒚 − 𝒂 − 𝒆) − 𝑾(𝝀) ∙ 𝑺(𝝀) ∙ (𝒚 − 𝒂 − 𝒆)‖2
2 + 𝛽2‖𝒆‖2

2. (8) 

The adaptive moment estimation (Adam) optimization algorithm is well-suited for solving 

convex problems due to its efficiency and adaptive learning rates. We solve Problems (6) and 

(7) using the Adam algorithm (Kingma and Ba, 2017) implemented by PyTorch (Paszke et al., 

2017) in Python. Problem (8) is a ridge regression problem with an analytical solution �̂� =

(𝑿𝑇𝑿 + 𝛽2𝑰𝑛)−1𝑿𝑇[𝑿(𝒚 − 𝒂)], where 𝑿 = 𝑰𝑛 − 𝑾(𝝀) ∙ 𝑺(𝝀). The algorithm for optimizing 

𝝀, 𝒂, and 𝒆 is summarized in Algorithm 1. 
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3.2.2 Periodic Image Decomposition Optimization Framework 

A 2D periodic image can be decomposed into three parts: 𝒀 = 𝒀∗ + 𝑨 + 𝑬 . 𝒀∗ ∈ ℝ𝑛×𝑛 

represents the ideal periodic image without anomalies or noise and presents periodicity in both 

horizontal and vertical directions, 𝑨 ∈ ℝ𝑛×𝑛 represents the sparse anomalies, and 𝑬 ∈ ℝ𝑛×𝑛 

denotes the random noise. For two-dimensional image decomposition, we also alternatively 

optimize periodic pattern vectors 𝝀𝟏, 𝝀𝟐, anomalies 𝑨, and noises 𝑬. Similar to Problems (6-8) 

for a one-dimensional signal, the objective functions for a two-dimensional image are proposed 

as follows. 

The objective function to update 𝝀𝟏 with fixed 𝝀𝟐, 𝑨, and 𝑬 is rewritten as the Problem 

(10). 

 min
𝝀𝟏

ℒ4(𝝀𝟏) = ‖(𝒀 − 𝑨 − 𝑬) − 𝑺(𝝀𝟏) ∙ (𝒀 − 𝑨 − 𝑬)‖F
2 + 𝜌1 ∑ (𝟏𝑛

𝑇 ∙ |𝑺𝑖(𝝀𝟏)| − 1)
2𝑛

𝑖=1  

+𝜌2‖𝝀𝟏‖1, 

 𝑠. 𝑡. 𝜆1,𝑖 = 0, 𝑖 = 0,1, ⋯ , 𝑝 − 1, 𝑛 − 𝑝, ⋯ , 𝑛 − 1. (10) 

The objective function to update 𝝀𝟐 with fixed 𝝀𝟏, 𝑨, and 𝑬 is rewritten as the Problem 

(11). 

min
𝝀𝟐

ℒ5(𝝀𝟐) = ‖(𝒀 − 𝑨 − 𝑬) − [𝑺(𝝀𝟐) ∙ (𝒀 − 𝑨 − 𝑬)𝑇]𝑇‖F
2 + 𝜌1 ∑(𝟏𝑛

𝑇 ∙ |𝑺𝑖(𝝀𝟐)| − 1)
2

𝑛

𝑖=1

 

+𝜌2‖𝝀𝟐‖1, 

 𝑠. 𝑡. 𝜆2,𝑖 = 0, 𝑖 = 0,1, ⋯ , 𝑝 − 1, 𝑛 − 𝑝, ⋯ , 𝑛 − 1. (11) 

The objective function to update 𝑨 with fixed 𝝀𝟏, 𝝀𝟐, and 𝑬 is rewritten as the Problem 

(12). 

 min
𝑨

ℒ6(𝑨) = ‖(𝒀 − 𝑨 − 𝑬) − 𝑾(𝝀𝟏) ∙ 𝑺(𝝀𝟏) ∙ (𝒀 − 𝑨 − 𝑬) ∙ [𝑾(𝝀𝟐) ∙ 𝑺(𝝀𝟐)]𝑇‖F
2 

+𝛽1‖𝑨‖1.  (12) 

Here, ‖𝑨‖1 = ∑ |𝑨𝑖𝑗|𝑖𝑗  is the entrywise 𝐿1 norm of the 𝑨 matrix.  
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The objective function to update 𝑬 with fixed 𝝀𝟏, 𝝀𝟐, and 𝑨 is rewritten as the Problem 

(13). 

 

Algorithm 1. Optimization algorithm for PSD for One-dimensional Signal 

input 𝒚, 𝜖, 𝐾 

initialize 𝝀, 𝒂, 𝒆  

𝑡 = 0  
while ‖ 𝝀𝑡 − 𝝀𝑡−1‖∞ > 𝜖 or  𝑡 = 0 do 
 𝑡 = 𝑡 + 1, 𝑘 = 0 

 while ‖ 𝝀𝑘 − 𝝀𝑘−1‖
∞

> 𝜖 or  𝑘 = 0 do 

  𝑘 = 𝑘 + 1 
  Update 𝝀 = Adam(𝝀, ℒ1(𝝀)) ℒ1(𝝀) refers to Problem (6) 

end while 

for 𝑘 = 1 𝑡𝑜 𝐾 do 

  Update 𝒂 = Adam(𝒂, ℒ2(𝒂)) ℒ2(𝒂) refers to Problem (7) 

end for 

for 𝑘 = 1 𝑡𝑜 𝐾 do 

 Update 𝒆 = (𝑿𝑇𝑿 + 𝛽2𝑰𝑛)−1𝑿𝑇[𝑿(𝒚 − 𝒂)], 𝑿 = 𝑰𝑛 − 𝑾(𝝀) ∙ 𝑺(𝝀) 

end for 

end while 

𝒚∗ = 𝒚 − 𝒂 − 𝒆 
output 𝝀, 𝒂, 𝒚∗ 

(9) 

Algorithm 2.  Optimization Algorithm for PSD for Two-dimensional Images 

input 𝒀, 𝜖, 𝐾 
initialize 𝝀𝟏, 𝝀𝟐, 𝑨,  
𝑡 = 0  

while ‖ 𝝀𝟏
𝑡 − 𝝀𝟏

𝑡−1‖
∞

> 𝜖 𝐨𝐫 ‖ 𝝀𝟐
𝑡 − 𝝀𝟐

𝑡−1‖
∞

> 𝜖 do 

𝑡 = 𝑡 + 1, 𝑘 = 0 

 while ‖ 𝝀𝟏
𝑘 − 𝝀𝟏

𝑘−1‖
∞

> 𝜖 𝐨𝐫 ‖ 𝝀𝟐
𝑘 − 𝝀𝟏

𝑘−1‖
∞

> 𝜖 or 𝑘 = 0 do 

  𝑘 = 𝑘 + 1 

  Update 𝝀𝟏 = Adam(𝝀𝟏, ℒ4(𝝀𝟏)) 

 

ℒ4(𝝀𝟏) refers to Problem (10) 

  Update 𝝀𝟐 = Adam(𝝀𝟐, ℒ5(𝝀𝟐)) ℒ5(𝝀𝟐) refers to Problem (11) 

end while  
for 𝑘 = 1 𝐭𝐨 𝐾 do 

  Update 𝑨 = Adam(𝑨, ℒ6(𝑨)) ℒ6(𝑨) refers to Problem (12) 

end for 

 for 𝑘 = 1 𝐭𝐨 𝐾 do 

 Update 𝑬 = Adam(𝑬, ℒ7(𝑬)) ℒ7(𝑬) refers to Problem (13) 

end for 

end while 

𝒀∗ = 𝒀 − 𝑨 − 𝑬 

output 𝝀𝟏, 𝝀𝟐, 𝑨, 𝒀∗ 

(14) 
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min
𝑬

ℒ7(𝑬) = ‖(𝒀 − 𝑨 − 𝑬) − 𝑾(𝝀𝟏) ∙ 𝑺(𝝀𝟏) ∙ (𝒀 − 𝑨 − 𝑬) ∙ [𝑾(𝝀𝟐) ∙ 𝑺(𝝀𝟐)]𝑇‖F
2 

+𝛽2‖𝑬‖2
2.  (13) 

Although Problem (13) has an analytical solution. However, this is a large-scale ridge 

regression problem with a large coefficient matrix, i.e., the dimension of  𝑛2 × 𝑛2 , where 

computation of analytical solution is expensive. To speed up, we solve it by using stochastic 

gradient descent algorithms (Zhang, 2004) via the Adam algorithm. The algorithm for 

optimizing 𝝀𝟏, 𝝀𝟐, 𝑨, and 𝑬 is summarized in Algorithm 2. 

 

3.3 Untrained Anomaly Detection for Real Industrial Periodic Images  

The PSD framework requires that images have regular periodic patterns in the horizontal or 

vertical direction. However, for real-world applications, the above requirement may not be 

satisfied, as illustrated in Figure 2. Furthermore, certain regions may not strictly satisfy the 

periodicity assumption due to manufacturing randomness and non-confronted measuring 

perspectives. These regions are prone to be misdetected as anomalies in PSD. To address the 

above two problems, we propose a novel framework for anomaly detection of real periodic 

images, including (i) Reference image construction in Section 3.3.1, which recovers the ideal 

periodic image for the inclined input image. (ii) Pixel-level anomaly scoring in Section 3.3.2, 

which enables accurate anomaly labeling for the case of non-strict periodicity. The overall 

procedure is illustrated in Figure 2. 

 

3.3.1 Reference Image Reconstruction 

The construction of the reference image contains four steps: image rotation, PSD, image 

expansion, and image reverse rotation.  

The first step rotates the image to align its periodic direction with either the horizontal or 

vertical axis. The periodic direction of an image can be determined by analyzing its Fourier 

transform spectrum (Tsai and Hsieh, 1999). The output of this step is a rotated image in which 
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the periodic directions satisfy the requirement for PSD. The “Rotated Image” in Figure 2 rotates 

the original image, with the periodic directions and lengths indicated by arrows. 

In the second step, PSD is applied to the rotated image, providing the periodic pattern 

vectors 𝝀𝟏, 𝝀𝟐, and the rotated reference image 𝒀∗. The first step decreases the size of the 

rotated image. Therefore, we need to expand the rotated reference image to ensure sufficient 

pixels, which can be implemented by our learned periodic pattern vectors. We will discuss the 

details in Appendix B. 

Finally, the reference image that remains the same size as the input image is constructed 

by reversely rotating the expanded-rotated reference image to get the final reference image, as 

demonstrated in Figure 2. 

 

Figure 2. Overview of the untrained anomaly detection method 

 

3.3.2 Pixel-Level Anomaly Scoring 

After obtaining the reference image, a straightforward method for anomaly detection is to 

calculate the difference between the reference image and the original image. However, the pixel 

value differences are large even in some regions without anomalies, as illustrated in the region 

covered by the rectangles of Figure 3(a). The reason is that the pixel values of these regions are 

not strictly periodic due to inspection environments. To improve the detection accuracy, we 

propose a novel pixel-level anomaly scoring strategy as follows. 
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Figure 3. Case of (a) the difference between (b) the original image and (c) the reference 

image 

The anomaly-free regions that violate the strict periodic assumption also exhibit certain 

periodic structures, as shown in Figure 3, which appear at the edges of the grid. In these areas, 

a wide range of values can be considered "normal" pixel values. This means that the variability 

of the pixel value at a specific location should be incorporated into anomaly scoring. For a 

target pixel, we can find its counterparts in other locations by the periodicity of the input image, 

whose values follow the same distribution. Subsequently, with these counterparts, we can 

obtain the desired variability by calculating the variance of the associated distribution. An 

overview of the method is presented in Figure 4. The process of evaluating the anomaly score 

for each pixel involves two steps: (i) Calculation of the normalized pixel distances, and (ii). 

Convolution with a Gaussian kernel. 

 

 

Figure 4. Pixel-level anomaly scoring 
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To achieve the above purpose, we utilize the image patch representation. Specifically, we 

can segment both the reference image and the original image into 𝑁 square patches, i.e., 𝒫 =

{𝑷𝑖 ∈ ℝ𝑀 , 𝑖 = 1, 2, ⋯ 𝑁}  and �̃� = {�̃�𝑖 ∈ ℝ𝑀 , 𝑖 = 1, 2, ⋯ 𝑁} , respectively. 𝑀  denotes the 

number of pixels in each patch. 

Using the patch set of the reference image, we search 𝐾 nearest similar structured patches 

for each patch. That is, for the 𝑖𝑡ℎ patch �̃�𝑖 ∈ �̃�, we query 𝐾 nearest patches and denote the set 

of their indices as 𝒥𝑖 = {𝑗𝑘 ∈ {1, 2, ⋯ 𝑁}, 𝑘 = 1, 2, ⋯ , 𝐾}. We then locate the corresponding 

patches in the original image for these 𝐾 patches 𝒩𝒩𝑖 = {𝑷𝑗 ∈ 𝒫, 𝑗 ∈ 𝒥𝑖}. We assume that 

each entry of a patch in 𝒩𝒩𝑖 follows a Gaussian distribution. Then, we concatenate the means 

and standard deviations of patch rows into vectors 𝝁𝑖 ∈ ℝ𝑀  and 𝝈𝑖 ∈ ℝ𝑀 . Therefore, the 

anomaly scores assigned to the pixels covered by 𝑷𝑖 are defined by the normalized distances 

as: 

 𝒅𝑖 = abs(𝑷𝑖 − 𝝁𝑖) ∙ diag(𝝈𝑖)
−1, (15) 

Where abs(𝑷𝑖 − 𝝁𝑖)  takes the absolute value of the elements of 𝑷𝑖 − 𝝁𝑖 , and diag(𝝈𝑖)−1 

denotes the inverse of the diagonal matrix filled with the values in 𝝈𝑖 . The distance measured 

here reflects the number of standard deviations by which the pixel value deviates from the mean. 

Eq. (15) assigns smaller anomaly scores to pixels with greater variance. This property enables 

us to reduce the false detection of the edges of the grid (within black rectangles) in Figure 3. 

An example of the obtained normalized distance map is visualized in Figure 4(a). 

Finally, an anomaly should cover a certain number of pixels. Therefore, to eliminate the 

isolated pixels with large normalized distances, we aggregate the scores within the 

neighborhoods. This can be achieved by convolving the distance map with a Gaussian kernel 

to obtain the final score.  

 

4. Case Study 

In this section, we generate synthetic images with noise and anomalies to evaluate the 

performance of PSD. Furthermore, we utilize the "Grid" dataset of real product images from 
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the MVTec anomaly detection dataset to compare the performance of our proposed untrained 

anomaly detection method with benchmark methods. The MVTec dataset is widely used as a 

benchmark for evaluating industrial anomaly detection methods (Bergmann et al., 2021). 

 

4.1 Results on Numerical Images 

To evaluate the performance of PSD, we generate 30 images with sparse anomalies and random 

noise. The size of the images is 𝑛 × 𝑛 = 256 × 256. The periodic background of the image is 

generated using the function 𝒀∗
𝑖,𝑗 = sin

2𝜋𝑖

𝑇1
+ cos

2𝜋𝑗

𝑇2
, where 𝑇1  and 𝑇2  are samples from 

uniform distribution U(50,80), so that the row vectors and column vectors of image matrix 

consist of 3-5 periodic repetitive units. 

We employ the PSD technique to process the images, thereby extracting estimates of the 

periodic background 𝒀∗, the noises 𝑬, and the anomalies 𝑨. The anomaly score is meticulously 

defined as 𝑺𝒄 =
abs(𝑨)

‖𝑨‖F/𝑛
, where abs(𝑨) denotes the absolute value of the entries in the pixel 

matrix 𝑨. ‖𝑨‖F/𝑛 is the normalization factor derived from the root mean square of the entries 

in the pixel matrix 𝑨. This normalization ensures that the anomaly score is scaled appropriately 

for comparison. For example, in this experiment, a binary anomaly mask is calculated by 

applying the criterion 𝑆𝑐𝑖𝑗 > 3.0, indicating that pixels with anomaly scores exceeding this 

threshold are considered anomalies.  

Figure 5 presents the analytical outcomes of a sample image, with the left panel depicting 

the original test image. The first row of Figure 5 sequentially displays the estimated 𝒀∗, the 

ground truth noises 𝑬, the anomalies 𝑨, and the ground truth annotations 𝐺𝑇. The second row 

of images illustrates our algorithm's estimations for 𝒀∗, 𝑬, and 𝑨 as well as detection result. 

Additionally, the anomaly score image 𝑺𝒄 is positioned at the bottom right corner. 
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Figure 5. Synthetic image for illustration  

We denote 𝐹𝑁 and 𝑇𝑃 as the counts of anomaly pixels that are incorrectly and correctly 

identified, respectively. Additionally, 𝐹𝑃 and 𝑇𝑁 represent the counts of normal pixels that are 

mistakenly and correctly classified, respectively. To assess the performance of our PSD method, 

we use the average of the following pixel-level anomaly detection indices (Tao and Du, 2023): 

 The False Omission Rate (FOR), i.e., 𝐹𝑂𝑅 =
𝐹𝑃

𝑇𝑃+𝐹𝑃
, indicates the system's capacity 

to avoid falsely classifying normal factors as anomalies. 

 The False Negative Rate (FNR), i.e. 𝐹𝑁𝑅 =
𝐹𝑁

𝑇𝑃+𝐹𝑁
, evaluates the system's capability 

to accurately detect anomalies. 

 The Balanced Accuracy (BA), i.e., 𝐵𝐴 =
𝑇𝑃

2(𝑇𝑃+𝐹𝑁)
+

𝑇𝑁

2(𝑇𝑁+𝐹𝑃)
 , follows the 

conventions of binary classification that measures the overall accuracy. 

 The Dice coefficient (DICE), i.e., 𝐷𝐼𝐶𝐸 =
2𝑇𝑃

𝐹𝑃+𝐹𝑁+2𝑇𝑃
, quantifies the overlap between 

the detected anomalies and the actual anomalies. Notably, lower values of FOR and FNR 

suggest superior performance, while higher values of BA and DICE indicate better 

alignment with the ground truth. 

The average values of FOR, FNR, BA, and DICE are presented in Table 1 and depicted 

through box plots in Figure 6. From these results, it can be seen that our PSD performs well in 

detecting anomalies in ideal periodic images with horizontal or vertical periodic directions. It 

achieves remarkably low FOR and FNR values of 0.0011 and 0.0359, respectively, along with 

high BA and DICE scores of 0.9902 and 0.9800, respectively. 
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Table 1. Mean of FOR, FNR, BA, and DICE of detection results on 30 samples 

Index FOR FNR BA DICE 

Mean 0.0011 0.0359 0.9902 0.9800 

 

 

 

Figure 6. Box-plot of FPR, FNR, and DICE of 30 anomaly detection results 

 

4.2 Results on Real Images 

In this subsection, we present real case studies to compare the performance of our untrained 

anomaly detection method with that of other untrained methods using the Grid dataset. 

The Grid dataset consists of a training dataset and a test dataset. The images in the training 

dataset of the Grid dataset are from good products. Notably, our method does not use the 

training dataset as the proposed PSD methodology is an untrained method. The test dataset of 

the Grid dataset includes good images and five categories of images of defective products, 

namely, “bent”, “broken”, “glue”, “metal contamination”, and “thread” anomalies. A statistical 

overview of the test set is provided in Table 2, and example images of each category are shown 

in Figure 7. The experiments were conducted on a computer with an Intel i7-13700H processor 

(2.40 GHz), 16.0 GB of RAM, and an NVIDIA RTX 4060 graphics card. The algorithm was 

implemented in Python with PyTorch (Paszke et al., 2017). The average processing time per 

image is approximately 5.4 seconds, and the total processing time for all 78 images in the test 

dataset is approximately 420 seconds.  
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Table 2. Testing samples of the grid dataset 

Category good bent broken glue 
metal 

contamination 
Thread 

Number of Images 21 12 12 11 11 11 

 

 

Figure 7. Example images of each category in the Grid dataset. 

4.2.1 Results of Our PSD Method 

Figure 8 presents a comparative visualization of our method, including 1 anomaly-free 

image and 5 defective images from distinct categories. The initial five columns, progressing 

from left to right, display the original images, the rotated sample images, the rotated reference 

images, the reference images, and anomaly score maps. To quantitatively assess the detection 

results against the ground truths, we used a threshold of 2.0 for identifying anomalies.  

Notably, the testing Grid dataset presents distinct challenges not encountered in the 

detection of synthetic images, such as varying periodic directions, non-Gaussian noise, and 

diverse anomaly types. For instance, 'glue' anomalies, being relatively minor and subtle 

compared to other types of anomalies, are particularly susceptible to misclassification as normal 

pixels. Our method adeptly surmounts these obstacles, as evidenced by the representative 

results depicted in Figure 8. These findings highlight the method's robustness across various 

anomaly types and its overall effectiveness in real-world anomaly detection scenarios. 

 



 

22 
 

 
Figure 8.  Visualization of output images of testing samples.  

 

4.2.2 Comparison with Existing Untrained Methods 

In this subsection, we compare our method with three untrained anomaly detection methods for 

regular image anomaly detection. The compared untrained methods include a feature low-rank 

decomposition method PG-LSR (Cao et al., 2017), a Spectral-Residual (SR) method (Hou and 

Zhang, 2007), and an image matrix low-rank decomposition method P-NLR (Shi et al., 2021).  

Table 3 reports comprehensive evaluation indices to assess both our proposed method and 

benchmark untrained methods, where the best results are highlighted in bold.  The FOR of our 

method is not quite as good as that of SR. The reason is that we adopt a progressive threshold 

such that the normal pixels near the anomalies will be mislabeled, as shown in the “glue” 

anomaly of Figure 9. Nevertheless, the comprehensive results demonstrate that our approach 

can strike the best balance between precision and recall, as illustrated by our superior 
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performance in all 4 metrics as a whole. In addition, for each category of anomaly, our method 

consistently outperforms benchmark methods, showing its robustness and efficacy in real-

world applications. 

 

 

Table 3. Numerical results of different untrained methods 

 

Anomaly 

Type 
Method 

FOR 

(%) 

FNR 

(%) 

BA 

(%) 

DICE 

(%) 

all 

PG-LSR 80.17 77.10 64.07 18.37 

Spec-Res 44.06 67.68 72.64 33.06 

P-NLR 73.62 96.77 52.79 4.44 

Ours 52.54 33.08 87.45 49.07 

bent 

PG-LSR 89.16 87.71 59.37 9.75 

Spec-Res 20.06 73.14 69.63 36.26 

P-NLR 86.71 98.50 51.32 2.21 

Ours 54.78 29.99 89.53 51.04 

broken 

PG-LSR 88.99 83.94 60.70 10.81 

Spec-Res 42.82 59.15 77.99 43.17 

P-NLR 78.64 97.71 52.08 3.75 

Ours 63.55 23.66 91.53 48.36 

glue 

PG-LSR 83.85 75.23 62.57 15.61 

Spec-Res 44.21 73.65 68.77 22.77 

P-NLR 59.95 98.08 51.64 2.89 

Ours 38.95 71.99 69.91 35.54 

metal 

contamination 

PG-LSR 81.63 66.89 68.68 23.09 

Spec-Res 41.85 57.55 78.27 38.58 

P-NLR 93.88 94.79 54.24 4.46 

Ours 61.69 7.19 97.75 53.02 

thread 

PG-LSR 57.21 71.73 69.02 32.60 

Spec-Res 71.34 74.90 68.52 24.55 

P-NLR 48.89 94.76 54.65 8.86 

Ours 43.74 32.54 88.55 57.37 
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Figure 9. Anomaly localization results of untrained methods 

 

5. Conclusion 

Periodic image anomaly detection is important in various industrial applications. This 

paper addressed the challenges of learning periodic patterns in the presence of noise and 

anomalies. Specifically, we proposed a novel representation for images with periodic patterns. 

Additionally, we present a joint optimization framework named periodic-sparse decomposition 

(PSD) that takes both noise and anomalies into consideration to learn the proposed periodic 

pattern representation of images. To deal with the real industrial images with varying periodic 

directions, we designed an image rotation and reconstruction module. An additional anomaly 

scoring strategy was also proposed to alleviate the issue of non-strict periodicity. Both 

simulation and real case studies validate the accuracy and robustness of the proposed periodic 

pattern representation and untrained anomaly detection method, underscoring their potential to 

address the challenges of periodic surface anomaly detection. 

 

Code Availability 

The code will be released upon publication. 
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Appendix of “A Novel Representation of Periodic Pattern and Its 

Application to Untrained Anomaly Detection” 

 

Appendix A  

In order to assess the impact of penalty term 𝜌2‖𝝀𝟏‖1 𝜌2‖𝝀𝟐‖1 on periodic pattern learning, we 

generate images with different backgrounds and input the images to the periodic pattern 

learning framework with different 𝜌2.  

The test images are shown in Figure 10. The background of the first image is smooth and 

generated using the function 𝒀∗
𝑖,𝑗 =

0.6

4
(sin

2𝜋𝑖

40
+ cos

2𝜋𝑗

50
) + 0.5 . The background of the 

second image is non-smooth and consists of rectangles with a width of 25 and a height of 20. 

The values in the brighter rectangles are 0.8, and the values in the darker rectangles are 0.2. 

Both images have zero-mean Gaussian noise with 𝜎 = 0.01 . We input these images to the 

periodic pattern learning farmwork with 𝜌2 = 0, 𝜌2 = 100, 𝜌2 = 1000.  

 

Figure 10. Test images 

The reference image construction results using PSD with the same iteration time are shown 

in Figure 11. The images in the first row are the reference images 𝒀𝒓 of the smooth image 

constructed by Eq. (14), using the learned 𝝀𝟏 and 𝝀𝟐 with different 𝜌2. The images in the third 
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row are the reference images 𝒀𝒓 of the non-smooth image. The second row and the fourth row 

are the images 𝒀∗ − 𝒀𝒓, where 𝒀∗ denotes the images without any noise. The outputs of 𝝀𝟏 and 

𝝀𝟐 are shown in Figure 12. 

 

Figure 11. Reference image construction result with different 𝜌2. 

 

Figure 12. Results of periodic pattern 𝝀𝟏 and 𝝀𝟐 with different 𝜌2 

The means and standard deviations of images 𝒀∗ − 𝒀𝒓  are listed in Table 4. Here, 𝜎𝐸 

denotes the standard deviation of the Gaussian noise 𝑬  in the original images 𝒀 = 𝒀∗ + 𝑬 . 
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‖𝑬‖∞  denotes the max absolute value in 𝑬 . 𝜇𝑟   and 𝜎𝑟  denote the mean and the standard 

deviation of the subtraction of the noise-free image 𝒀∗  and reconstruction image 𝒀𝒓 

respectively. ‖𝒀∗ − 𝒀𝒓‖∞ denotes the max absolute value in 𝒀∗ − 𝒀𝒓. The results illustrate that 

the reconstructed images 𝒀𝒓 are very close to the real noise-free images 𝒀∗.  

Table 4. Statistical values of differences between 𝒀∗ and 𝒀𝒓 

  𝜌2 = 0 𝜌2 = 100 𝜌2 = 500 

Image with 

smooth 

background 

𝜎𝐸 0.009934 0.009934 0.009934 

‖𝑬‖∞ 0.043500 0.043500 0.043500 

𝜇𝑟  0.000015 0.000019 0.000011 

𝜎𝑟 0.010048 0.010866 0.010958 

‖𝒀∗ − 𝒀𝒓‖∞ 0.038352 0.043483 0.047356 

Image with 

non-smooth 

background 

𝜎𝐸 0.010045 0.010045 0.010045 

‖𝑬‖∞ 0.043792 0.043792 0.043792 

𝜇𝑟  -0.000013 -0.000013 -0.000012 

𝜎𝑟 0.029284 0.029379 0.029460 

‖𝒀∗ − 𝒀𝒓‖∞ 0.130041 0.131641 0.129680 

 

Comparing the results of the learned periodic patterns (𝝀𝟏 and 𝝀𝟐) of smooth and non-

smooth images, we can find that in smooth surfaces, the gradient near the optimal solution is 

small, making it difficult to converge to a sparse optimal solution. Comparing the results of the 

learned periodic patterns with different 𝜌2, it can be concluded that using penalty 𝜌
2
‖𝝀‖1 can 

help us to promote the sparsity of 𝝀 to get better results.  

 

Appendix B  

Image Expansion 

In this step, the rotated image is subjected to the periodic pattern representation method, 

resulting in the rotated reference image 𝒀∗ depicted in Figure 2. 

The rotated reference image can now be expanded using the learned periodic pattern 

vectors. This expansion is performed row by row and column by column, inferring the values 



 

31 
 

of the expanded area. Computing the pixel values of the first newly added top and bottom rows 

is taken as an example. 𝑚 denotes the length and width of the rotated reference image. 𝝀𝟏 ∈

ℝ𝑚 denotes the periodic pattern vector of the column vectors of the rotated reference image. 

𝑺1
𝑇(𝝀𝟏) represents the first row of the weight matrix 𝑺 with respect to 𝝀𝟏 mentioned in Section 

3. 𝒀𝐵 ∈ ℝ(𝑚−1)×𝑚 denotes the first 𝑚 − 1 rows of the rotated reference image pixel matrix. 

The values of the newly added row 𝒀0 ∈ ℝ𝑚 at the top can be calculated as follows: 

 𝒀0 =
1

𝟏𝑚
𝑇∙𝑺1(𝝀𝟏)

∙ 𝑺1
𝑇(𝝀𝟏) ∙ [

𝟎𝑚
𝑇

𝒀𝐵
]  

𝑺𝑚
𝑇 (𝝀𝟏) represents the last row of the weight matrix 𝑺 with respect to 𝝀𝟏. 𝒀𝐻 ∈ ℝ(𝑚−1)×𝑚 

denotes the last 𝑚 − 1 rows of the image pixel matrix, and the value of the newly added row 

𝒀𝑚+1 ∈ ℝ𝑚 at the bottom can be calculated as follows: 

 𝒀𝑚+1 =
1

𝟏𝑚
𝑇∙𝑺𝑚(𝝀𝟏)

∙ 𝑺𝑚
𝑇 (𝝀𝟏) ∙ [

𝒀𝐻

𝟎𝑚
𝑇 ] 

 


