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Safety-Critical Control Under Timed
Reach–Avoid Specifications: A Backup Control

Barrier Function Approach
Yangrui Zhang , Tianjian Jiang , Zhongxuan Cai , and Yiding Ji , Member, IEEE

Abstract— Timed reach-avoid specifications, a subset of
Signal Temporal Logic (STL), provide an expressive frame-
work for specifying complex tasks in dynamic systems.
This letter introduces a novel framework that encodes
these specifications into a quadratic programming (QP)
controller using backup control barrier functions (backup
CBFs). Unlike existing approaches that rely on predefined
safe sets, we utilize a backup control strategy within a
prediction horizon to construct time-varying implicit sets
online. Specifically, we address the limitation of standard
backup CBFs regarding finite-time convergence by intro-
ducing contractive implicit sets. Rigorous analysis of the
time-varying properties confirms that backup CBFs enforce
system forward invariance within these contractive sets,
driving real-time trajectories to satisfy given specifications.
Our method unifies high-level planning with continuous
control, while does not require explicit safe set computation
for Eventually formulas or predefined performance func-
tions. Numerical simulations validate the performance of
our approach in safe planning and control of mobile robots.

Index Terms— Control barrier functions, safety control,
optimal control, formal methods, signal temporal logic.

I. INTRODUCTION

W ITH surging demands in real-world applications, robots
are required to finish complicated tasks that accom-

modate both sequential and periodic requirements. This has
led to a growing interest in developing control strategies that
can effectively execute multi-objective tasks while ensuring
safety and correctness [1]. Formal languages, such as linear
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temporal logic (LTL) and signal temporal logic (STL), provide
an expressive framework for specifying intricate robotic tasks
and behaviors [2], [3], [4].

Compared to LTL, STL is capable of formulating more
complex tasks that incorporate continuous time constraints
[5]. As a result, STL has been widely adopted to specify
timed reach-avoid tasks for mobile robots [6], [7], [8]. Pre-
vious works on STL control typically encode specifications as
mixed-integer constraints and synthesize controllers through
mixed-integer programming [9], [10], [11]. However, these
methods suffer from high computational complexity and poor
scalability. Other approaches maximize STL robustness values
in a receding horizon using model predictive control [12],
[13], [14] or reinforcement learning [15], [16], often caus-
ing a separation between high-level planning and low-level
implementation.

To alleviate these issues, control barrier functions (CBFs)
are introduced to integrate STL specifications within an opti-
mization framework [17], [18], [19], [20]. Reference [17] first
proposes time-varying CBFs to encode STL specifications as
hard constraints of quadratic programming. Reference [19]
constructs the performance function in an online manner.
These methods require a predicate function and an additional
performance function for each atomic formula, causing control
performance vulnerable to predefined temporal user behavior.
Reference [20] utilizes control Lyapunov barrier functions
(CLBFs) instead of CBFs, thus eliminating performance func-
tions, but synthesizing CLBFs is more complex. References
[21], [22] introduce a spatiotemporal tube-based approach
that transforms STL into geometric constraints, facilitating
systematic construction of smooth CBFs.

This work presents a novel framework that encodes timed
reach-avoid specifications within an optimization problem via
backup CBFs [23], [24], [25], [26], [27]. We employ an online
backup control strategy to implicitly present the invariant
set, thereby bypassing the computation of a predefined set.
However, existing backup CBFs only ensure that the system
reaches the backup set within a finite-time horizon following
the backup control strategy, rather than under the real-time
control signal. Reference [27] proposes a greedy policy-based
control strategy to address this issue, but no convergence
time is guaranteed. In contrast, we define a time-varying
implicit set that gradually tightens over a finite-time period
until it aligns with the backup set. Backup CBFs enforce the
system’s forward invariance within the implicit set, ensuring
backup set finite-time reachable for real-time trajectories while
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adhering to the global safe set. Consequently, timed reach-
avoid specifications are effectively encoded in time-varying
implicit sets, without manipulation of temporal properties via
predefined performance functions. Additionally, this approach
unifies robotic planning and continuous control execution,
providing a practical framework for encoding timed reach-
avoid specifications for mobile robots.

This letter is structured as follows. Section II presents
the necessary preliminaries and formulates the safety con-
trol problem under timed reach-avoid specifications. Sec-
tion III discusses the forward invariance within time-
varying and contractive sets that are implicitly defined
through backup CBFs. Section IV incorporates the spec-
ifications into an optimal control problem, which is then
addressed for controller synthesis. Numerical simulations
in Section V validate the performance of our approach.
Section VI draws the conclusion and states future research
directions.

II. PRELIMINARIES AND PROBLEM FORMULATION

In this letter, scalars are denoted by regular letters, and
column vectors are represented by bold letters. R, R≥0 and
Rn denote the set of real numbers, non-negative real numbers
and real vectors of dimensions n, respectively.

Consider a control affine dynamic system modeled as:

ẋ = f (x) + g(x)u, (1)

where x ∈ X ⊆ Rn is the state, u ∈ U ⊆ Rm is a locally
Lipschitz control input, and dynamic functions f : Rn → Rn

and g : Rn → Rn×m are locally Lipschitz functions.

.A. Timed Reach-Avoid Specifications
The timed Reach-Avoid Specification is considered a subset

of signal Temporal Logic, and is generally utilized in speci-
fying reach-avoid task for mobile robots [6].

Signal temporal logic (STL) is a formal language that
validates temporal properties consisting of predicates µ. For
the signal x(t) : R≥0 → R

n, µ is evaluated using a continuously
differentiable predicate function hµ(x) : Rn → R as follows:

µ :=
�

True if hµ(x) ≥ 0,
False if hµ(x) < 0.

(2)

The syntax of STL defines an STL formula φ by

φ ::= True | µ | ¬φ | φ1 ∧ φ2 | φ1 U[a,b] φ2, (3)

where ¬ and ∧ are the Boolean negation and conjunction
operators. φ1 U[a,b] φ2 is an Until operator that holds when φ1
keeps true until φ2 comes true. To restrict the analysis to timed
reach-avoid specifications, additional operators are defined:
Eventually F[a,b]φ := True U[a,b]φ and Always G[a,b]φ :=
¬(F[a,b]¬φ). The Eventually operator can be used to describe
robots reaching target regions within specific intervals, while
the Always operator can be adopted in scenarios where robots
continuously avoid forbidden areas throughout the specified
period. The corresponding semantics are introduced as follows.

Definition 1 (Semantics of Timed Reach-Avoid Specifica-
tions [6]): For a given signal x(t) ∈ Rn, the satisfaction relation
of timed reach-avoid formulas is recursively defined by:

(x, t) |= µ ⇔ hµ(x) ≥ 0
(x, t) |= ¬φ ⇔ ¬((x, t) |= φ)

(x, t) |= φ1 ∧ φ2 ⇔ (x, t) |= φ1 ∧ (x, t) |= φ2

(x, t) |= F[a,b]φ ⇔ ∃t1 ∈ [t + a, t + b]s.t. (x, t1) |= φ

(x, t) |= G[a,b]φ ⇔ ∀t1 ∈ [t + a, t + b], (x, t1) |= φ.

.B. Time-Varying Control Barrier Functions

Time-varying control barrier functions (CBFs) are utilized
to ensure that the system (1) evolves within a safe set C(t).
Define the differentiable function h : X × [t0, t1] → R, and
the safe set is defined by its superlevel set as C(t) := {x ∈
X |h(x, t) ≥ 0}. We review the following concepts to introduce
the safety-critical control method via CBFs.

Definition 2 (Forward Invariance): A set C(t) is forward
invariant under control input u if for all initial state x0 ∈ C(t0),
there exists a continuous trajectory x : [t0, t1] → Rn with
x(t0) := x0 such that x(t) ∈ C(t) for all t ∈ [t0, t1].

Definition 3: [Class K functions] A continuous function
α: R>0 → R>0 is called a class K function if it is strictly
increasing with α(0) = 0.

Definition 4: [Time-varying Control Barrier Functions [17]]
h : X × [t0, t1]→ R is a control barrier function (CBF) on the
safety set C(t) if there exists a class K function α : R≥0 → R≥0
such that for all (x, t) ∈ C(t), the condition below holds:

sup
u∈U

�
∂h(x, t)
∂x

>

( f (x) + g(x)u) +
∂h(x, t)
∂t

�
≥ −α(h(x, t))

The results of [17] indicate that if h(x, t) is a CBF, then it
can guarantee forward invariance for given systems.

Lemma 1 (Theorem 1. in [17]): Assume that the control
input u ∈ U is locally Lipschitz continuous in x and piecewise
continuous in t. The unique solutions to (1) are defined in
[t0, t1]. If there exists a CBF h(x, t) that satisfies Definition 4
for u, then the set C(t) is forward invariant under u.

In this letter, CBFs are integrated into an online filter
based on quadratic programming (QP). The QP filter aims to
minimize the difference between the desired inputs ure f from
high-level commands and the actual inputs u. This approach
optimizes the fidelity of ure f while ensuring system safety.

.C. Online Forward Invariance via Backup CBFs

Backup CBFs are introduced to maintain the system (1)
within an arbitrary set constructed online, rather than relying
on a predefined safe set [23], [26]. Let C := {x ∈ X |h(x) ≥ 0}
be a safe set in which the system (1) should remain forward
invariant, and CB := {x ∈ X |hb(x) ≥ 0} be a backup set that
CB ⊆ C. The set CBI is implicitly defined through a backup
control strategy. Although the backup strategy is never directly
implemented, it is utilized to synthesize safety certificates. For
a locally Lipschitz backup control law π : X → U , the closed-
loop system (1) under π(x) is described as

fcl(x) , f (x) + g(x)π(x). (4)

Then the flow map of (1) over the time interval [0,T ] under
π(x) is represented as

Φ̇πT (τ, x) = fcl(ΦπT (τ, x)),ΦπT (0, x) = x, (5)

where τ ∈ [0,T ]. ΦπT (τ, x) is the solution of (4) at τ, and
∂ΦπT (τ, x)/∂x indicates the sensitivity of the flow (5) in the
initial condition x. ΦπT (τ, x) is additive in t that satisfies
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Fig. 1. (a) CBI is an implicit set that enlarges the known set CB with
backup policy, x ∈ CBI maintains forward invariant in CB and T -time
reachable for CB . (b) CBI(t) is a contractive set over time T. If x maintains
forward invariant in CBI(t), it would be ensured to reach CB when CBI(t)
is tightened and aligns with CB at time T.

Φπ
T (Φπ

T (x, τ1), τ2) = Φπ
T (x, τ1 + τ2). The online forward invari-

ance set CBI , which satisfies CB ⊆ CBI ⊆ C, is implicitly defined
from the flow map as

CBI , {x ∈ X |ΦπT (T , x) ∈ CB

∧ ∀τ ∈ [0,T ] ,ΦπT (τ, x) ∈ C}. (6)

Assuming that the backup control policy π(x) ensures the
forward invariance of CBI , i.e., π(x) guides (1) towards CB
within T-time horizon while maintaining forward invariance
in C, the main result of the backup CBFs is presented.

Lemma 2: [Proposition 2. in [24]] Given the system (1), if
there exists a class K function α such that for all x ∈ C and
τ ∈ [0,T ], the following condition holds:

dhb(ΦπT (T , x))
dt

(x,u) ≥ −α(hb(ΦπT (T , x))), (7a)

dh(ΦπT (τ, x))
dt

(x,u) ≥ −α(h(ΦπT (τ, x))), (7b)

then the forward invariance of CBI is guaranteed.
For static backup sets and safe sets in existing work [23],

[24], [25], the backup CBF constraints are formulated as
follows:

dhb

dx
∂ΦπT (T , x)

∂x
ẋ ≥ −α(hb(ΦπT (T , x))), (8a)

dh
dx

∂ΦπT (τ, x)
∂x

ẋ ≥ −α(h(ΦπT (τ, x))), (8b)

where ẋ = f (x) + g(x)u, and ∂ΦπT (T , x)/∂x is the sensitivity
Jacobian at x. These constraints ensure that the system (1)
remains in the safe set C, and maintain the capability to reach
CB within a finite time T, which is shown in Fig. 1a pictorially.

.D. Problem Formulation
This letter focuses on timed reach-avoid specifications for

the control of mobile robots. The problem is formulated below.

Problem 1 (Safety-Critical Controller Synthesis): Given the
system in (1), and the timed reach-avoid specification below:

ψ : := True | µ | ¬µ | ψ1 ∧ ψ2, (9a)
φ : := F[a,b]ψ | G[a,b]ψ | φ1 ∧ φ2. (9b)

Denote by eC the safe set for (1) whose trajectories satisfy the
above specification, then a safety filter should be given such
that the trajectory x satisfies φ for all time t ≥ 0:

min ‖ ure f − u ‖2 (10a)

s.t. x ∈ eC ∈ X ,u ∈ U . (10b)

III. ONLINE FORWARD INVARIANCE THEORY OF
CONTRACTIVE SETS

This section introduces the online forward invariance theory
of contractive implicit sets. This result ensures that real-time
trajectories safely reach a specified set within a fixed time
frame, which is a complement to forward invariance in [23].

The backup CBFs in [23] enforce the system remain in
an implicit set CBI . That is, for all x ∈ X , the backup
trajectories reach CB within a fixed time T under a certain
backup controller π(x) while always maintaining in the safe
set C. However, it cannot drive the real-time trajectory to CB,
nor does it guarantee finite-time reachability. To address this
issue, we propose that if the implicit set CBI(t) is a time-varying
set that contracts by decreasing the backup horizon until CBI(t)
aligns with CB, and the system remains forward invariant in
CBI(t), then its trajectories reach CB in finite time.

Proposition 1: Given system (1), a fixed backup set CB and
a time-varying safe set C(t) := {x ∈ X |h(x, t) ≥ 0}, where
h(x, t) is absolutely continuous in x. For all x0 ∈ C(0), if there
exists control input u at time t ∈ [0,T ] such that (1) remains
forward invariant in a time-varying arbitrary set

CBI(t) , {x ∈ X |ΦπT−t(T − t, x) ∈ CB

∧ ∀τ ∈ [0,T − t],Φ π
T−t(τ, x) ∈ C(t)}, (11)

then CB is T-time reachable for (1).

Proof: The time-varying set (11) at time T is CBI(T ) , {x ∈
X |Φπ0(0, x) ∈ CB ∧ Φπ0(0, x) ∈ C(t)}. From (5), ΦπT−t(0, x) = x
for all t ∈ [0,T ], thus x ∈ CBI(T ) ⇔ x ∈ CB ∧ x ∈ C(t). Since
(1) remains forward invariant within CBI(t) over [0,T ], it is
guaranteed to reach CB at time T. �

Fig. 1b illustrates Proposition 1. Our goal is to design
a control strategy u that keeps the system (1) within the
contractive set. Since the contractive set defined by (11)
imposes a time-varying constraint on the system, previous
online reachability theory is insufficient for the design.

Proposition 2: For xt′
ut′
−−→ xt′′ where t′, t′′ ∈ [0,T ], (8a) is

insufficient to ensure (1) forward invariant within CBI(t).

Proof: Since CBI(t) is defined in (11) with a backup horizon
of T − t, for any t′, t′′ ∈ [0,T ] such that t′′ > t′, it follows
that T − t′′ < T − t′, which implies that the constraints
defining CBI(t′′) are imposed over a strictly shorter backup
horizon than those defining CBI(t′). Consequently, any x whose
backup trajectory satisfies the terminal and safety conditions
over [0, T − t′′] also satisfies the corresponding conditions
over the prefix interval [0, T − t′]. Also, the implicit sets are
contractive and satisfy CBI(t′′) ⊂ CBI(t′). Following Lemma 2,
a given ut′ that satisfies (8a) only renders xt′′ ∈ CBI(t′) instead
of xt′′ ∈ CBI(t′′), and it possibly drives xt′′ into CBI(t′′)\CBI(t′),
which violates forward invariance of CBI(t). �

Proposition 2 indicates that for all x ∈ X at time t, if (8a) is
implemented, then the backup controller with hard constraints
ΦπT−t(T −t, x) ∈ CB may encounter infeasibility due to the strict
requirement to reach the backup set CB. Therefore, the backup
CBF-based filter in the previous works [23], [24] fail to ensure
online forward invariance for contractive sets of (11).

To maintain the system within CBI(t) and reach CB in a
finite horizon T, we consider time-varying properties of backup
CBFs. Reference [25] marks that implicit safe sets can be time-
varying even if the initial sets are static. In [27], predefined
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time-varying sets may render the backup controller infeasible
and a modified backup CBF strategy is proposed to address
this issue. The time-varying condition in Proposition 1 differs
from them since the prior backup set CB is fixed, whereas the
predictive horizon of the backup set varies. As a result, a new
framework is required to synthesize backup CBFs for (11).

By (5), the flow map over a contractive horizon is given as

ΦπT−t(τ, x) = x +

Z τ

τ̂=0
fcl(ΦπT−t(τ̂, x))dτ̂,

and its derivative of t is given by the chain rule with

dΦπT−t(τ, x)
dt

=
∂ΦπT−t(τ, x)

∂x
ẋ +

∂ΦπT−t(τ, x)
∂t

.

When time-varying properties of ΦπT−t(T−t, x)) are considered,
the left hand in inequality (7a) becomes

dhb(ΦπT−t(T − t, x))
dt

(x,u)

=
dhb

dx

�
∂ΦπT−t(T − t, x)

∂x
ẋ +

∂ΦπT−t(T − t, x)
∂(T − t)

∂(T − t)
∂t

�
=

dhb

dx

�
∂ΦπT−t(T − t, x)

∂x
ẋ − fcl(ΦπT−t(T − t, x))

�
. (12)

In (12), − fcl(ΦπT−t(T − t, x)) represents the time-varying prop-
erty of the backup strategy caused by a contractive horizon,
which is influenced by π(x). Next, consider a time-varying
safe set C(t), the left hand in inequality (7b) becomes

dh(ΦπT−t(τ, x))
dt

(x,u)

=
dh
dx

∂ΦπT−t(τ, x)
∂x

ẋ +
∂h(ΦπT−t(τ, x))

∂t
. (13)

Remark 1: For a non-contractive set CBI , a fixed backup
horizon T turns ∂ΦπT (T , x)/∂t = 0 in (12), then the reachability
constraint (12) reduces to (8a). Meanwhile, (13) shares the
same expression as the back up CBFs constraint for time-
varying safe sets CB(t) in [27].

Then, we present the main result for the online forward
invariance theory of contractive sets.

Theorem 1: Given system (1) and a contractive set (11), if
there exist a class K function α and control input u(t) such
that ∀x0 ∈ C(t), t ∈ [0,T ], τ ∈ [0,T − t], the condition holds:

dhb

dx
(
∂ΦπT−t(T − t, x)

∂x
ẋ − fcl(ΦπT−t(T − t, x))

≥ −α(hb(ΦπT−t(T − t, x))), (14a)
dh
dx

∂ΦπT−t(τ, x)
∂x

ẋ +
∂h(ΦπT−t(τ, x))

∂t
≥ −α(h(ΦπT−t(τ, x))), (14b)

then the forward invariance of the contractive set CBI(t) is
guaranteed, and x reaches CB within T-time horizon.

Proof: From (12), (13) and Lemma 2, CBI(t) is forward
invariant under control input u. Then according to Proposition
1, CBI(t) is T-time reachable. �

IV. BACKUP CONTROL BARRIER FUNCTIONS FOR
TIMED REACH-AVOID SPECIFICATIONS

In this section, we design backup CBFs to accomplish
timed reach-avoid tasks. These tasks are first decomposed
into Always and Eventually formulas, respectively. Composed

Always formulas are satisfied when the system maintains
within a time-varying safe set CG(t) := {x ∈ X |hG(x, t) ≥ 0}.
An Eventually formula holds when a backup set CFi (t) := {x ∈
X |hFi (x, t) ≥ 0} is reached within a finite horizon.

.A. Always Formulas
For each Always formula φG j = G[a j,b j]ψ j, the trajectory of

x should satisfy ∀t ∈ [a j, b j], hψ j (x) ≥ 0. Inspired by [17], we
introduce time varying CBFs with hybrid switching.

Assumption 1: ∀φG j = G[a j,b j]ψ j, hψ j (x(a j)) ≥ 0 holds.
Theorem 2: Given a unit step function θ(t), a candidate CBF

hG j (x, t) = [θ(t − a j) − θ(t − b j)]hψ j (x) (15)

is continuous in x and piecewise continuous in t, with the
safe set CG j (t) := {x ∈ X |hG j (x, t) ≥ 0}. Then for all x(0) ∈
CG j (0), hG j (x, t) is a valid CBF enforcing (x, t) |= G[a j,b j]ψ j
under Assumption 1.

Proof: By construction, hG j (x, t) is piecewise with switching
instants at a j and b j. For t ∈ (a, b), hG j (x, t) is a time-invariant
CBF that maintains (1) forward invariance within Cψ j := {x ∈
X |hψ j (x) ≥ 0}. For t ∈ [0, a j)∪ (b j,+∞), hG j (x, t) = dhG j/dx =

dhG j/dt = 0 always holds, thus inequality ḣG j ≥ −α(hG j ) holds
on these intervals. For t = a j, CG j (t) switches from X to Cψ j .
By Assumption 1, hψ j (x(a j)) ≥ 0 implies that x(a j) ∈ C+G j

(a j).
Hence, the system state is consistent with the post-switch
safe set, and no violation of forward invariance occurs at the
switching instant. For t = b j, CG j (t) switches from Cψ j to X .
Since CG j (t) is non-decreasing with C−G j

(b j) ⊆ C+G j
(b j), i.e., any

x−(b j) ∈ C−G j
(b j) also satisfies x+(b j) ∈ C+G j

(b j), then forward
invariance is trivially preserved across this switching instant
according to Theorem 2 in [17] (The superscript +,− indicates
the values before and after the switch, respectively). �

Let φG :=
Vn

j=1 φG j denote the conjunction of n Always
formulas, which is utilized to synthesize the largest safe set
CG(t) := {x ∈ X |hG(x, t) ≥ 0} for system (1). By Theorem 2,
we obtain CBFs hG j (x, t) for individual Always formula φG j .
The CBF for CG(t) is then computed via a smooth under-
approximation of the conjunction operator [17]:

hG(x, t) = −
1
κ

ln
nX

j=1

e−κhG j (x,t), (16)

where κ > 0 is a smoothening parameter.

.B. Eventually Formulas
For each Eventually formula φFi = F[ai,bi]ψi, the trajectory

x should satisfy ∃t ∈ [ai, bi] such that hψi (x) ≥ 0. Our goal
is to synthesize a control strategy u so that x reaches Cψi :=
hψi (x) ≥ 0 within a finite-time horizon to achieve F[ai,bi]ψi.
The maximum converge time T satisfies T ≥ bi − ai.

Initially, we consider Cψi := {x ∈ X |hψi (x) ≥ 0} as the
backup set. As highlighted in [23], the backup controller
maximizes reachable sets. Therefore, we adopt the model
predictive controller (MPC) in [12] as the backup controller
to maximize the cumulative robustness measure of given
formulas. Our controller is defined over the interval [t0i, bi],
where t0i < ai < bi. With a time-varying backup horizon
Ni(t) = {T , t ∈ [t0i, bi − T ]; bi − t, t ∈ (bi − T , bi]}, the implicitly
reachable set becomes contractive. F[ai,bi]ψi is enforced by
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imposing hψi (x) ≥ 0 as hard constraints at the end of the
backup horizon. Then the backup controller is:

MPC−Backup Controller

J∗ = max
π0:Ni−1

βNi hψi (xNi ) +
Ni−1X
τi=0

βτi hψi (xτi ) (17a)

s.t. xτi+1 = xτi + fd(xτi ,πτi ), (17b)
xτi ∈ X ,πτi ∈ U , (17c)
x0 = x(t), (17d)
hψi (xNi ) ≥ 0⇒ F[ai,bi]ψi |= True. (17e)

where τi = 0, 1, . . . ,Ni. (17b) describes the dynamic of the
discretized system from (1); for parameters β0:Ni in (17a), βNi

is much larger than the other βτi .
The backup control strategy generates the flow that satisfies

ΦπNi
(Ni, x) ∈ Cψi . So we formulate CBF candidate hFi (x) :=

hψi (x). According to Theorem 1, the satisfaction of F[ai,bi]ψi
for (1) is guaranteed by the following inequality:

dhFi

dx

�
∂ΦπNi

(Ni, x)
∂x

ẋ − εi fcl(ΦπNi
(Ni, x), x)

�
≥ −α(hFi (Φ

π
Ni

(Ni, x))), (18)

where εi = {0, t ∈ [t0i, bi − T ]; 1, t ∈ (bi − T , bi]} is a parameter
that denotes whether the set CFiI(t) = {x ∈ X |ΦπNi

(Ni, x), x) ∈
Cψi } starts to contract.

Remark 2: As CFiI(t) for each φFi are obtained by inde-
pendent backup controllers with distinct horizons and flow
functions, it is challenging to compose the implicit sets like
the explicit ones in (16). As a result, we use backup CBFs to
represent each φFi individually instead of a composed φF .

.C. Controller Synthesis
We synthesize a QP controller as a safety filter to solve

Problem 1. Consider a formula φ = φG ∧ φF where φG =Vn
i=1 φG j and φF =

Vm
i=1 φFi , system (1) should ensure finite-

time reachability for each CFi and maintain forward invariance
in the global safe set CG. The backup control strategies
satisfying the above requirements are presented as:

MPC−Backup Controller with φG constraints

J∗ = max
π0i :Ni−1

βNi hψi (xNi ) +
Ni−1X
τi=0

βτi hψi (xτi ) (19a)

s.t. (16b), (16c), (16d), (16e),
∂hG

∂x

>

fcl(xτi ,πτi ) +
∂hG

∂t
≥ −α(hG). (19b)

Remark 3: Though ΦπNi
(Ni, x) generated by MPC is only

piecewise continuous in x and t, the approximation error
is bound by |hFi (Φ

πi
Ni

(τ, x)) − hFi (Φ
πi
Ni

(τi, x))| ≤ LFi |τ − τi|,
|hG(Φπi

Ni
(τ, x)) − hG(Φπi

Ni
(τi, x))| ≤ LG |τ − τi| from [24].

To ensure satisfaction of φ, the system (1) should maintain
forward invariance within the implicit set C(t) defined as:

C(t) :=
m\

i=1

Ci(t), (20a)

Ci(t) := {x ∈ X |Φπi
Ni

(Ni, x) ∈ CFi

∧ ∀τi ∈ [0,Ni],Φ
πi
Ni

(τi, x) ∈ CG}, (20b)

where (1) being forward invariance in Ci(t) ensures satisfaction
of φFi and following φG. Given a positive semi-definite matrix
Q ∈ Rm×m, the online QP filter for φ is designed as:

QP Filter
min(ure f − u)>Q(ure f − u)
s.t. ∀i ∈ [1,m],

dhFi

dx

 
∂Φ
πi
Ni

(Ni, x)
∂x

ẋ − εi fcl(Φ
πi
Ni

(Ni, x), x)

!
≥ −α(hFi (Φ

πi
Ni

(Ni, x))), (21a)
∀τi ∈ [0,Ni],

dhG

dx
∂Φ
πi
Ni

(τ, x)
∂x

ẋ +
∂hG(Φπi

Ni
(τi, x))

∂t
≥ −α(hG(Φπi

Ni
(τi, x))). (21b)

Remark 4: In practice, encoding (21b) for all τi is chal-
lenging. So a simplification is adopted by only encoding
τi = 0 for the current time step, since the condition ∀τi ∈

[0,Ni],Φ
πi
Ni

(τi, x) ∈ CG has already been enforced as (19b) in
the backup controller, and the error can be be bounded using
the Lipschitz constants as discussed in Remark 3.

Remark 5: We acknowledge that our method exhibits the
highest computational complexity compared to [12] and [17].
However, it is still of the same class as that of MPC-based
STL planning methods [12] per iteration with respect to the
dimension of control signal, which is acceptable in practice.

V. NUMERICAL SIMULATION

This section presents a numerical simulation of the proposed
control approach, which is performed using Python on a
computer with an Intel Core i5-13600KF CPU. Consider a
mobile robot model as a 2-D double integrator. The state
vector is defined as x = [px, py, vx, vy]>, where p = [px, py]>
denotes the position and v = [vx, vy]> represents the velocity
in the X and Y directions, respectively. The control input
vector u = [ax, ay]> corresponds to the accelerations in each
direction, and the desired control input is given a priori by
human commander as ure f = [2.5 + sin πt, 2.5 + cos πt]>.

The simulation is conducted in a bounded 2-D environment
for a duration of 6-seconds. The formula under timed-reach
avoid specification is given as φ = φG ∧φF1 ∧φF2 where φG :=
G[0,6](‖ p−[5, 2]> ‖2≥ 1.52), φF1 := F[0.2,3](‖ p−[2, 4]> ‖2≤ 12),
φF2 := F[3.2,6](‖ p− [6, 5]> ‖2≤ 12).

The control method proposed in Section III is employed to
synthesize a controller that satisfies φ, with T = 2s and t0i =
ai − 0.2s. Fig. 2a shows the robot’s trajectory, demonstrating
that the robot successfully reaches the designated region at
2.77s and 5.76s, while always avoiding the obstacle, thus φ
satisfied. Fig. 2b displays the backup trajectories for every
5 steps. Each backup trajectory is guaranteed to reach target
regions that are considered as backup sets. Although these
backup trajectories are not followed, they provide implicit
safety assurance for the real-time system. Fig. 3 illustrates the
desired input and the actual input. When the backup CBFs are
active, the filter modifies the desired input to ensure φ.

VI. CONCLUSION

This letter incorporates timed reach-avoid specifications
into safety control problems using backup control barrier
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Fig. 2. (left) The trajectory generated by proposed method, where
target regions are marked in green and obstacles are marked in
red. (right) The backup trajectories are generated online but never be
followed.

Fig. 3. Desired input (dashed line) and actual input (red line).

functions (backup CBFs). Specifically, our approach trans-
forms the satisfaction of composed Always formulas into a
global safe set, while each Eventually formula is ensured
by reaching a backup set within a finite horizon. Backup
CBFs enforce system trajectories remain within implicit sets
that are contractive and constructed online, thus designated
specifications are provably satisfied. Consequently, we offer
an efficient method for encoding formal specifications into
optimal controllers. This framework not only reduces the com-
plexity associated with adjusting temporal properties within
predefined performance functions, but also integrates task
planning with continuous control execution. Future work
will extend our framework of backup CBFs to consider
control synthesis for the full class of signal temporal logic
formulas.
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