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ABSTRACT
This paper develops an integrated framework for safe trajectory planning and control of disturbed 
high relative degree nonlinear systems. The approach combines a composite disturbance-rejection 
controller with a safety-aware trajectory generator, which performs online re-planning using a safety 
filter. A disturbance observer estimates unknown external disturbances, and the resulting estimates 
are incorporated into the tracking control layer to enhance robustness against external distur-
bances. Implemented as a first-order dynamical system in the feedback loop, the trajectory generator 
enables enforcement of safety constraints through standard first-order control barrier functions 
(CBFs), avoiding the complexity and conservativeness of high-order CBF (HoCBF) designs. A CBF-
based performance regulation mechanism adjusts the generator’s output in response to tracking 
errors, coordinating safety and performance objectives. The resulting strategy ensures satisfaction 
of safety specifications for disturbed nonlinear systems with high relative degree while reducing 
conservativeness and enhancing disturbance rejection. Moreover, the framework can be readily 
extended to satisfy signal temporal logic (STL) specifications with minor modifications. Numerical 
simulations demonstrate the effectiveness of the proposed method.
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1. Introduction

Barrier functions (BFs) are Lyapunov-like functions 
originally introduced in the context of optimisa-
tion and later adopted in control theory for safety 
verification and forward-invariance analysis of con-
strained sets (Prajna et al., 2007; Tee et al., 2009). 
Building on this concept, CBFs have emerged as 
an effective tool for synthesising safety-critical con-
trollers (Ames et al., 2017). In recent years, CBF-
based safety control has received significant attention 
in both theoretical and application-oriented control 
research, owing to its effectiveness in a broad range 
of safety-critical systems (Ames et al., 2017; Bhatia 
et al., 2025; S. Liu et al., 2025; Z. Liu et al., 2026; Ma 
et al., 2026; Nguyen & Sreenath, 2016; Tan et al., 2022; 
Tezuka & Nakamura, 2022; J. Wang et al., 2025; Xiao 
& Belta, 2022; Xiong et al., 2026). Existing CBF-
based methods have been widely developed for state-
constraint enforcement, forward-invariance guaran-
tee, and real-time control implementation through 
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quadratic programming (QP). More recently, consid-
erable attention has been devoted to control synthe-
sis under signal temporal logic specifications. Opti-
misation and MPC-based methods encode tempo-
ral and logical requirements into online optimi-
sation problems and can handle relatively general 
STL specifications (T. Yang et al., 2024; Yu, Gao, 
et al., 2024). Prescribed-performance and event-
triggered approaches have also been developed to 
achieve STL-constrained control while explicitly address-
ing transient performance and communication effi-
ciency (Long & Gao, 2024). In parallel, CBF-based 
methods encode STL predicates and temporal require-
ments into time-varying barrier functions, providing 
computationally efficient feedback synthesis with for-
mal satisfaction guarantees (Lindemann & Dimarog-
onas, 2019a, 2020; Yu, Tan, et al., 2024; W. T. Zhang 
et al., 2026; Y. Zhang et al., 2026; Zhu & Long, 2025).

Despite the significant progress made in recent 
years, several challenges still limit the application 
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of CBF-based methods to safety-critical control and 
temporal logic-constrained tasks. Most standard CBF 
formulations require the safety constraint or log-
ical predicate to have relative degree one with 
respect to the control input. To handle higher rel-
ative degree constraints, high-order control barrier 
functions (HoCBFs) have been developed (Nguyen 
& Sreenath, 2016; Tan et al., 2022; Xiao & Belta, 2022). 
However, HoCBF-based designs generally require the 
recursive construction of multiple barrier conditions 
involving higher-order derivatives of the constraint 
function, which may increase design complexity and 
conservativeness. Another important challenge arises 
in the presence of unknown external disturbances 
and uncertainties, which has motivated the develop-
ment of various robust CBF-based approaches (Das 
et al., 2026; Xu, 2018). More specifically, recent studies 
have combined disturbance observers or disturbance-
rejection techniques with CBFs to enhance robustness 
against disturbances (Alan et al., 2023; Sun et al., 2024; 
X. Wang et al., 2025; J. Yang et al., 2026; Zhou 
et al., 2025). By exploiting online disturbance estimates 
and estimation error information, these approaches 
can reduce the conservativeness associated with purely 
worst-case robust designs and improve nominal con-
trol performance. More recent developments have fur-
ther incorporated disturbance estimates into adaptive 
safety bounds or combined disturbance observation 
with constructive safe-control designs (Z.-Q. Chen 
et al., 2026; Z. Yang & Xie, 2025). Nevertheless, direct 
CBF-based safety enforcement becomes considerably 
more involved when the safety constraint has high rel-
ative degree. In particular, when the relative degree of 
the safety specification with respect to the disturbance 
is lower than that with respect to the control input, the 
disturbance and its higher-order derivatives may enter 
the high-order barrier conditions (X. Wang et al., 2025; 
J. Yang et al., 2026), thereby increasing the complexity 
of robustness analysis and controller implementation.

To address the above challenges, this paper develops 
an integrated framework for safe trajectory planning 
and control of disturbed nonlinear systems with high 
relative degree constraints. The framework consists of 
two tightly coupled modules: a composite disturbance-
rejection controller and a safety-aware trajectory gen-
erator. The composite disturbance rejection controller 
drives the system output toward a desired refer-
ence without directly imposing safety constraints. To 

improve robustness against unknown external distur-
bances, a disturbance observer is introduced, and the 
resulting disturbance estimates are incorporated into 
the control law. The trajectory generator is imple-
mented as a first-order dynamical system embedded 
in the feedback loop. Its output serves as the ref-
erence for the tracking controller and is generated 
through a CBF-constrained optimisation process to 
ensure safety satisfaction. This construction allows 
standard first-order CBFs to be used, thereby avoid-
ing the complexity associated with HoCBF design. To 
further account for performance requirements, a CBF-
based regulation mechanism is integrated into the tra-
jectory generator, allowing adaptive adjustment of its 
output in response to tracking errors, thus maintain-
ing both performance and constraint satisfaction. In 
addition, the proposed framework can be extended 
to handle signal temporal logic specifications through 
appropriate modifications to the trajectory genera-
tion layer. Compared with our previous work (Zhou 
et al., 2025), where STL constraints were directly 
encoded by CBFs and the applicability was limited 
to relative-degree-one systems, the present framework 
addresses disturbed nonlinear systems with high rela-
tive degree constraints in a unified manner. Different 
from existing approaches that directly impose CBF 
constraints on the original high relative degree system, 
the proposed framework relocates safety enforcement 
to a first-order trajectory-generation layer. This struc-
tural reformulation avoids the recursive high-order 
barrier construction and prevents higher-order dis-
turbance derivatives from entering the safety design. 
Meanwhile, the tracking and safety layers are coupled 
through a performance CBF, which explicitly accounts 
for disturbance-estimation errors and guarantees a 
prescribed tracking tolerance between the actual out-
put and the generated safe reference. The main contri-
butions of this work are summarised as follows.

(1) An integrated safe trajectory planning and con-
trol framework is proposed for disturbed non-
linear systems with high relative degree safety 
constraints. Different from conventional HoCBF-
based methods that directly enforce safety on the 
original plant dynamics, the proposed method 
introduces a first-order trajectory generator as the 
safety interface. Therefore, standard first-order 
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CBFs can be employed without recursive high-
order barrier construction, which reduces design 
complexity and conservativeness.

(2) A disturbance observer-based tracking layer is 
combined with a CBF-based performance regula-
tion mechanism. The disturbance estimate is used 
for compensation in the tracking controller, while 
the residual estimation error is explicitly incorpo-
rated into the performance CBF condition. Con-
sequently, robust safety can be established without 
introducing higher-order disturbance derivatives 
into the barrier construction, which considerably 
simplifies the robustness analysis compared with 
disturbance-aware HoCBF approaches.

(3) Owing to the modular separation between the 
tracking layer and the trajectory generation layer, 
the framework can be extended from state safety 
constraints to STL specifications by modifying 
only the trajectory generation layer. This pro-
vides a unified implementation architecture for 
safety-critical and temporal logic constrained 
tasks under disturbances.

Notation: Throughout this paper, scalars are denoted 
by non-bold letters, while column vectors are rep-
resented by bold letters. The symbol R denotes the 
set of real numbers, Rn represents the n-dimensional 
real vector space, and R≥0 is the set of non-negative 
real numbers. A continuous function αe : (−b, a) →

(−∞,∞) is said to be an extended class K function for 
some a, b > 0 if it is strictly increasing and αe(0) = 0.

2. Preliminaries and problem formulation

2.1. Control barrier function

Consider the following control affine system

ẋ = f (x)+ g(x)u (1)

where x ∈ Rn, u ∈ U ⊆ Rm denote the state and input, 
respectively. The functions f (x) : Rn

→ Rn and g(x) :
Rn

→ Rn×m are locally Lipschitz.
Let the safe set be defined as

C = {x ∈ Rn
|b(x) ≥ 0} (2)

where b(x) : Rn
→ R is a continuously differentiable 

function. The set C is said to be forward invariant with 
respect to (1) if for each x(0) ∈ C, the solution x(t)
remains within C, for all t>0.

Definition 2.1 (CBF Lindemann & Dimarogo-
nas, 2019a): Given the set C defined in (2), a differ-
entiable function b(x, t) is referred to as a CBF for (1) 
if there exists an extended class K function α(·) such 
that

sup
u∈U

[︃
∂bT(x)
∂x

(f (x)+ g(x)u)+ α(b(x))
]︃

≥ 0

If b(x) is a CBF, any Lipschitz continuous controller 
u satisfying

u ∈

{︃
u ∈ U |

∂bT(x)
∂x

(f + gu)+ α(b) ≥ 0
}︃

(3)

ensures that the set C is forward invariant.

2.2. Motivation and problem formulation

To illustrate the limitations of conventional CBF-based 
techniques and motivate the proposed approach, we 
begin with a representative example. Specifically, con-
sider the mobile robot model (Y. Chen et al., 2019; G. 
Wang et al., 2024) subject to external disturbances:⎧⎪⎨⎪⎩

ṗx = v cos(θ)+ dx,
ṗy = v sin(θ)+ dy,
θ̇ = uθ

(4)

where p = [px, py]T ∈ R2 denotes the robot position 
in a preset coordinate frame, v ∈ R is the linear veloc-
ity input, θ ∈ R is the heading angle, and uθ ∈ R is 
the angular velocity input. The terms dx ∈ R and dy ∈

R represent external unknown disturbances. Suppose 
that the robot is required to avoid a circular obsta-
cle centred at (px,o, py,o) with radius Ro. A natural 
candidate CBF for this safety requirement is

b(p) = (px − px,o)2 + (py − py,o)2 − R2o

The safety requirement is satisfied if the set

C = {p ∈ R2
|b(p) ≥ 0}

is forward invariant. However, b(p) has relative degree 
two with respect to the control input uθ  in (4). Specif-
ically, the first Lie derivative of b(p) along the system 
dynamics does not explicitly depend on uθ . Therefore, 
the standard relative degree-one CBF condition cannot 
be applied directly, and the constraint-based controller 
in (3) cannot be constructed to guarantee safety.
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A commonly adopted remedy is to employ HoCBFs, 
which can accommodate higher relative degree con-
straints. Although effective, HoCBF-based methods 
still face several limitations. First, the recursive deriva-
tion of higher-order derivatives introduces significant 
computational complexity and design conservatism. 
Second, higher-order derivatives of external unknown 
disturbances may also enter the resulting optimisation 
problem (X. Wang et al., 2025), which further com-
plicates the robustness analysis and disturbance han-
dling. These issues motivate the development of a new 
robust safety control framework that avoids the use of 
high-order derivatives, reduces conservativeness, and 
mitigates the effect of unknown disturbances.

To address the above challenges, we consider the 
safe control problem for disturbed nonlinear systems. 
Specifically, the following control-affine model is stud-
ied: {︄

ẋ = f (x)+ g(x)u + d(t),
y = h(x)

(5)

where y ∈ Rp is the output vector, d(t) = [d1(t), . . . ,
dn(t)]T ∈ Rn represents an external disturbance. The 
external disturbance d(t) is assumed to satisfy the 
following general conditions.

Assumption 2.1: The disturbance d(t) and its deriva-
tive ḋ(t) are bounded, i.e. ∥d(t)∥ ≤ d̄ and ∥ḋ(t)∥ ≤ d̄∗, 
where d̄ and d̄∗ are known positive constants.

3. Integrated safe trajectory planning and 
control framework

In this section, the proposed integrated safe trajec-
tory planning and control framework is presented 
for disturbed nonlinear systems with high relative 
degree safety constraints. The framework consists of 
two layers: a disturbance-observer-based composite 
controller and a safety-aware trajectory generator. The 
overall architecture is illustrated in Figure 1.

3.1. Disturbance observer design and 
pre-stabilising feedback without safety 
specifications

To estimate the unknown disturbance d(t) in sys-
tem (5), we adopt the nonlinear disturbance observer 

Figure 1. Implementation block diagram of the proposed 
method.

(W.-H. Chen et al., 2000):{︄
d̂ = λ(x − z),
ż = f (x)+ g(x)u + d̂

(6)

where z is the auxiliary observer state, d̂ denotes the 
estimate of d, and λ is a design parameter. Let ed = d −

d̂ be the disturbance estimation error, and introduce 
the Lyapunov candidate Ved(t) =

1
2e

T
d ed. Then,

V̇ed(t) = −λeTd ed + eTd ḋ ≤ −(2λ− ν)Ved(t)+
(d̄∗)2

2ν
(7)

where ν > 0 is a design constant. By choosing 2λ−

ν > 0, one obtains

Ved ≤ e−(2λ−ν)t
(︄
Ved(0)−

(d̄∗)2

2ν(2λ− ν)

)︄

+
(d̄∗)2

2ν(2λ− ν)
(8)

Therefore, ∥ed∥ is uniformly ultimately bounded, and 
its ultimate bound can be reduced by proper selection 
of ν and λ.

In what follows, we consider stabilising the sys-
tem output y to an arbitrary fixed point r ∈ Rp with-
out imposing safety constraints. Using the disturbance 
estimate together with a compensation term, the con-
trol input is designed in the following composite form:

u(t) = unom(x, r)+ ud(x, r, d̂) (9)

where unom(x, r) denotes the nominal controller, and 
ud(x, r, d̂) is the disturbance compensation term. 
Under the resulting closed-loop dynamics, the dis-
turbed nonlinear system (5) can be represented in the 
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following pre-stabilised form:{︄
ẋ = F(x, r)+ Bc(x, r)ed,
y = h(x)

(10)

where F(x, r) denotes the nominal pre-stabilised 
closed-loop vector field, and Bc(x, r)ed characterises 
the residual disturbance effect induced by the estima-
tion error. In particular, when ed = 0, the closed-loop 
system reduces to the nominal dynamics

ẋ = F(x, r) (11)

which is assumed to achieve the desired output regu-
lation objective with respect to the reference r.

Here, Bc(x, r) does not denote the input matrix of 
the original system. Instead, it represents an equivalent 
gain matrix in the controlled system that characterises 
how the disturbance estimation error enters the pre-
stabilised dynamics. Throughout this paper, Bc(x, r) is 
assumed to be locally Lipschitz in (x, r) and bounded 
on the domain of interest. Therefore, the influence of 
the unknown disturbance on the closed-loop system is 
explicitly captured through the estimation error ed.

As a result, the closed-loop dynamics can be viewed 
as the nominal pre-stabilised system perturbed by a 
bounded residual term. Consequently, the output y
is driven to a neighbourhood of r, and the neigh-
bourhood size depends on the disturbance estimation 
accuracy.

3.2. Safety-aware trajectory generator with 
performance guarantee

In the previous subsection, a composite controller 
was constructed to regulate the system output y to a 
static point r without considering safety constraints. 
To enforce safety, we introduce a trajectory generator 
that adjusts r online according to safety specifications 
encoded by CBFs. Specifically, the trajectory generator 
is described by

ṙ(t) = ur(t), r(0) = y(0) (12)

where r(t) ∈ Rp denotes the output of the trajectory 
generator, and ur(t) ∈ Rp is the control input to be 
designed.

To ensure that the generated trajectory r(t) satisfies 
the prescribed safety requirements, we impose a CBF 

Figure 2. Comparison of the trajectories with and without CBF-
based performance regulation mechanism.

constraint through the following online QP:

min
ur∈Rp

(ur − unomr )TH(ur − unomr )

s.t.
∂b(r(t))
∂r

T
ur ≥ −α(b(r(t)))

(13)

where H ≻ 0 is a weighting matrix, α(·) is an extended 
class K function, and unomr  is a nominal reference con-
troller that drives r(t) toward the desired target in 
the absence of safety constraints. The function b(r(t))
is a continuously differentiable function serving as a 
primary CBF that encodes the safety constraint. The 
control input ur obtained from (13) guarantees the 
forward invariance of the set

Cp = {r(t) ∈ Rp
|b(r(t)) ≥ 0}

By combining the pre-stabilised closed-loop sys-
tem (10), the trajectory generator (12), and the con-
trol law obtained from (13), the resulting augmented 
system with state vector [x(t), r(t)]T can be written as⎧⎪⎨⎪⎩

ẋ(t) = F(x, r)+ Bc(x, r)ed,
ṙ(t) = ur,
y(t) = h(x), r(0) = y(0)

(14)

From (14), it can be concluded that if the controller 
in (9) is poorly tuned, excessive tracking error may 
cause the actual output y(t) to violate the intended 
safety requirement, even when the generated reference 
r(t) remains safe, as illustrated inFigure 2(a).

To address this issue, we introduce a CBF-based 
performance regulation mechanism for regulating the 
generated trajectory. This mechanism explicitly links 
the generated reference r(t) and the system output 
y(t). By adjusting r(t) online according to their rela-
tive distance, the proposed scheme ensures that r(t)
remains within the safety-admissible set while being 
tracked by y(t) within a prescribed ε-tolerance band, 
as illustrated in Figure 2(b).
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To implement the above regulation mechanism, for 
a given admissible positive error constant ε, a function 
be(r(t), x) is constructed as follows:

be(r(t), x) = ε − ∥h(x)− r(t)∥ (15)

The set associated with be(r(t), x) is defined as

Ce = {h(x), r(t)|be(r(t), x) ≥ 0} (16)

From the definitions of be(r(t), x) and the set Ce, it 
follows that forward invariance of Ce guarantees

∥h(x)− r(t)∥ ≤ ε

The following theorem establishes a sufficient condi-
tion for the forward invariance of Ce.

Theorem 3.1: Consider the system (14) with state 
vector [x, r(t)]T. Suppose that Assumption 2.1 holds, 
and choose positive constants δ and δc such that 
be(r(0), x(0))− δVed(0) > 0 and λ−

ν
2 −

δc
2 > 0. If 

the input ur satisfies

∂be(r(t), x)
∂r(t)

T
ur ≥ −

∂be(r(t), x)
∂x

T
F(x, r)+

δ(d̄∗)2

2ν

+
∥
∂be
∂x

T
Bc(x, r)∥2

4δ(λ−
ν
2 −

δc
2 )

− δcbe(r(t), x)

(17)

then the set Ce is forward invariant.

Proof: Define an auxiliary function b̄e(r(t), x, ed) =

be(r(t), x)− δVed(t), where δ > 0 is a constant.
According to (7) and (14), we have

̇̄be = ḃe − δV̇ed

≥
∂be
∂x

T
(F(x, r)+ Bc(x, r)ed)+

∂be
∂r

T
ur

+ δ
(︂
λ−

ν

2

)︂
eTd ed −

δ(d̄∗)2

2ν

=
∂be
∂x

T
(F(x, r)+ Bc(x, r)ed)+

∂be
∂r

T
ur −

δ(d̄∗)2

2ν

+

(︃
δ
(︂
λ−

ν

2

)︂
−
δδc

2

)︃
eTd ed +

δδc

2
eTd ed

=
∂be
∂x

T
F(x, r)+

∂be
∂r

T
ur −

δ(d̄∗)2

2ν

−
∥
∂be
∂x

T
Bc(x, r)∥2

4δ(λ−
ν
2 −

δc
2 )

+
δδc

2
eTd ed

+

⃦⃦⃦⃦
⃦⃦⃦√︃δ (︂λ−

ν

2

)︂
−
δδc

2
eTd +

∂be
∂x

T
Bc(x, r)√︂

4δ(λ−
ν
2 −

δc
2 )

⃦⃦⃦⃦
⃦⃦⃦
2

≥
∂be
∂x

T
F(x, r)+

∂be
∂r

T
ur −

δ(d̄∗)2

2ν

−
∥
∂be
∂x

T
Bc(x, r)∥2

4δ(λ−
ν
2 −

δc
2 )

+
δδc

2
eTd ed (18)

With the condition (17) in mind, (18) can be written 
as

̇̄be ≥ −δcbe +
δδc

2
eTd ed = −δcb̄e (19)

which means that b̄e > 0 when be(r(0), x(0))− δ

Ved(0) > 0,∀t ≥ 0. Hence we have be(r(t), x) > 0,
∀t ≥ 0, i.e. the set Ce is forward invariant.

■

It should be noted that the above safety analysis does 
not require the disturbance estimation error to have 
already converged to its ultimate bound. Since the 
estimation error is explicitly incorporated into the aux-
iliary barrier function, the forward invariance result 
remains valid during the observer transient as long 
as the initial condition in Theorem 3.1 and the CBF 
condition (17) are satisfied. Moreover, from ėd = ḋ −

λed, the estimation error dynamics depend on the dis-
turbance variation rather than directly on its magni-
tude. However, faster disturbance variations increase 
the required robustness margin and make the CBF 
condition more restrictive.

Remark 3.1: It is important to note that strict safety 
of the actual system output y(t) in (5) requires the 
primary CBF to explicitly account for the maximum 
allowable tracking error ε induced by the integrated 
planning and control architecture. In particular, the 
safe set for the generated reference should be conser-
vatively contracted so that the actual output remains 
safe even under the worst-case tracking deviation. For 
example, in a two-dimensional plane, consider a cir-
cular obstacle centred at o ∈ R2 with radius l>0. A 
suitable CBF can be defined as

b(r(t)) = ∥r(t)− o∥ − ε − l (20)

This construction enforces a safety margin of ε
between r(t) and the obstacle boundary. As illustrated 
in Figure 2(b), the contracted safe set guarantees that 
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r(t) maintains a clearance of at least ε from the obsta-
cle. Consequently, if ∥y(t)− r(t)∥ ≤ ε, then the actual 
output y(t) is guaranteed to remain outside the obsta-
cle region.

Based on the above discussion, consider the disturbed 
nonlinear system (5), the disturbance observer (6), 
the composite controller (9), and the trajectory gen-
erator (12). Suppose Assumption 2.1 holds, b(r(0)) >
0, and select positive constants δ and δc such that 
be(r(0), x(0))− δVed(0) > 0 and λ−

ν
2 −

δc
2 > 0. If 

the input ur of the trajectory generator (12) is gener-
ated by solving the following QP: 

arg min
ur∈Rp

(ur − unomr )TH(ur − unomr )

s.t.
∂b(r(t))
∂r(t)

T
ur ≥ −α(b(r(t))), (21a)

∂be(r(t), x)
∂r

T
ur ≥ −

∂be(r(t), x)
∂x

T
F(x, r)

+
δ(d̄∗)2

2ν

+
∥
∂be
∂x

T
Bc(x, r)∥2

4δ(λ−
ν
2 −

δc
2 )

− δcbe(r(t), x)

(21b)

Then, the output y(t) of system (5) is guaranteed to 
satisfy the prescribed safety constraints.

For practical implementation, the proposed method 
has a simple online procedure. At each sampling 
instant, the disturbance observer in (6) is first updated 
to obtain d̂, and the composite control input in (9) 
is then calculated using the current state and gen-
erated reference. Subsequently, the safety and per-
formance CBF conditions are evaluated, and the QP 
in (21) is solved to obtain ur, which is used to update 
the reference according to (12). Therefore, the rela-
tively involved derivations in Theorem 3.1 are mainly 
required for establishing the safety condition, whereas 
the online implementation only involves disturbance 
observation, controller evaluation, and the solution of 
a first-order CBF-based QP.

4. From safety to signal temporal logic: a path 
forward

Building upon the integrated safe trajectory planning 
and control framework developed in the previous 

section, the proposed method can be further extended 
to handle more expressive task specifications, particu-
larly those described by STL. This extension is facil-
itated by the modular design of the framework: the 
composite disturbance rejection controller (9) pro-
vides robust tracking in the presence of disturbances, 
while the trajectory generator in (12) governs the 
online generation of reference trajectories subject to 
the desired temporal logic specifications.

4.1. Signal temporal logic

Before introducing STL, we first recall the notion of a 
predicate. Given a trajectory x : R≥0 → Rn, a predi-
cate µ is evaluated as either True or False at time t, and 
is defined as

µ :=

{︄
True if hµ(x(t)) ≥ 0,
False if hµ(x(t)) < 0

(22)

where hµ(x) : Rn
→ R is a continuously differentiable 

predicate function. In this section, we consider the 
following fragment of STL formulas: 

ψ := True|µ|¬µ|ψ1 ∧ ψ2, (23a)

φ := φ1 ∧ φ2|F[ta,tb]ψ |G[ta,tb]ψ |ψ1U[ta,tb]ψ2 (23b)

Here ψ , ψ1 and ψ2 are non-temporal formulas, while 
φ, φ1 and φ2 are temporal formulas. The operators 
∧ and ¬ represent Boolean Conjunction and Nega-
tion, respectively. Moreover F[ta,tb], G[ta,tb], and U[ta,tb]
denote the temporal operators Eventually, Always, and 
Until, respectively, over the interval [ta, tb], where 0 ≤

ta < tb ≤ ∞.
For a continuous-time signal x(t) : R≥0 → Rn, the 

notation (x, t) |= φ means that the signal satisfies 
the STL formula φ at time t. The semantics of STL 
are defined recursively as follows Maler and Nick-
ovic (2004), Donzé and Maler (2010), and Lindemann 
and Dimarogonas (2019b):

(x, t) |=µ ⇔ hµ(x(t)) ≥ 0,

(x, t) |=¬µ ⇔ ¬((x, t) |= µ),

(x, t) |=φ1U[ta,tb]φ2 ⇔ ∃t′ ∈ [t + ta, t + tb],

(x, t′) |= φ2 ∧ ∀t′′ ∈ [t, t′], (x, t′′) |= φ1,

(x, t) |=φ1 ∧ φ2 ⇔ ((x, t) |= φ1) ∧ ((x, t) |= φ2) ,

(x, t) |=F[ta,tb]φ ⇔ ∃t
′

∈ [t + ta, t + tb], (x, t
′

) |= φ,

(x, t) |=G[ta,tb]φ ⇔ ∀t
′

∈ [t + ta, t + tb], (x, t
′

) |= φ

(24)
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Assumption 4.1 (Lindemann & Dimarogonas, 2020): 
or each predicate µl involved in the STL specifica-
tion, the corresponding predicate function hµl(·), l ∈
{1, . . . , p}, is continuously differentiable and concave 
on the domain of interest.

Remark 4.1: Assumption 4.1 is introduced to support 
the STL-to-CBF construction when multiple pred-
icates are combined through smooth lower-bound 
approximations. Under this assumption, the result-
ing composite barrier function preserves the concavity 
property required in the existing STL-CBF construc-
tions based on smooth lower-bound approximations, 
and the corresponding STL satisfaction argument 
follows the standard reasoning in STL-CBF-based
methods.

4.2. From STL to CBF constraints

The central idea is to encode each STL predicate 
or temporal constraint into a corresponding primary 
time-varying CBF b(r(t), t), such that satisfaction of 
the STL formula is achieved when r(t) remains in the 
forward-invariant set induced by the CBF. By solving 
an online QP that enforces the forward invariance of all 
relevant sets, the trajectory generator ensures STL sat-
isfaction at the reference level. Meanwhile, the robust 
tracking controller keeps the actual system output y(t)
sufficiently close to r(t), so that the STL specifications 
can be enforced at the output level within a guaranteed 
tracking error bound.

Following Lindemann and Dimarogonas
(2019a, 2020), a time-varying CBF b(r(t), t) can be 
constructed to represent the mismatch between the 
desired behaviour specified by the temporal operator 
and the actual evolution of the reference trajectory 
in (23b). By combining multiple CBFs, more complex 
STL specifications can be handled in a unified manner. 
The construction of b(r(t), t) is briefly reviewed below.

First, for the Until operator φ = ψ1U[ta,tb]ψ2, we 
employ the stronger condition G[ta,tb]ψ1 ∧ F[tb,tb]ψ2, 
whose satisfaction guarantees satisfaction of the cor-
responding Until specification. Based on this con-
struction, the temporal logic formulas in (23b) can be 
reduced to compositions involving only the Eventu-
ally and Always operators. For the predicates µi, i =

1, . . . , p, let hµi(r) denote the corresponding predi-
cate functions. In the following, we outline the design 

principles for constructing b(r(t), t) for STL specifica-
tions in three steps.

Step (I) Consider the STL formulas in (23b) without 
the Conjunction operator. For φ1 = F[ta,tb]µ1, the cor-
responding CBF bφ1(r(t), t) should be designed such 
that

bφ1(r(t), t1) ≤ hµ1(r(t)), ∃t1 ∈ [ta, tb]

Similarly, for φ2 = G[ta,tb]µ1, bφ2(r(t), t) should satisfy

bφ2(r(t), t1) ≤ hµ1(r(t)), ∀t1 ∈ [ta, tb]

Step (II) Consider the STL formulas in (23b) with 
Conjunction operator. To encode the Conjunction
operator in (23b), we employ a smooth lower bound 
approximation. For p functions bi(r(t), t), i = 1, . . . , p, 
define

b(r(t), t) = −
1
κ
ln

(︄ p∑︂
i=1

e−κbi(r(t),t)
)︄

(25)

where κ > 0 is a constant. It is straightforward to 
derive that b(r(t), t) ≈ min{b1(r(t), t), . . . , bp(r(t), t)}
and the approximation accuracy improves as κ
increases, i.e.limκ→∞ −

1
κ ln(

∑︁p
i=1 exp(−κbi(x, t))) =

mini∈{1,...,p} bi(x, t). For any finite κ , the smooth lower 
bound satisfies −

1
κ ln(

∑︁p
i=1 e

−κbi(r(t),t)) ≤

min{b1(r(t), t), . . . , bp(r(t), t)}, which implies that 
b(r(t), t) > 0 implies that bi(r(t), t) > 0, i = 1, . . . , p.

Here, κ > 0 is a smoothing parameter that deter-
mines the trade-off between smoothness and approxi-
mation accuracy. A larger κ provides a tighter approx-
imation to the minimum function, whereas an exces-
sively large value may lead to numerical sensitivity in 
evaluating the exponential terms. Thus, κ should be 
chosen sufficiently large to achieve the desired approx-
imation accuracy while maintaining numerical robust-
ness.

Let ψ = µ1 ∧ · · · ∧ µp. For φ1 = F[ta,tb]ψ , we first 
design corresponding CBFs bi(r(t), t), i = 1, . . . , p
such that

bi(r(t), t1) ≤ hµi(r(t)), ∃t1 ∈ [ta, tb]

Then, by using the smooth lower bound approxima-
tion in (25), the CBF bφ1(r(t), t) associated with φ1 is 
given by

bφ1(r(t), t) = −
1
κ
ln(e−κbµ1 (r(t),t)

+ · · · + e−κbµp (r(t),t))
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For φ2 = G[ta,tb]ψ , choose bµi(r(t), t), i = 1, . . . , p
such that

bµi(r(t), t1) ≤ hµi(r(t)), ∀t1 ∈ [ta, tb]

Similarly, the corresponding b(r(t), t) is chosen as

bφ2(r(t), t) = −
1
κ
ln(e−κbµ1 (r(t),t)

+ · · · + e−κbµp (r(t),t))

Step (III) Consider the conjunction of multiple tem-
poral logic formulas, i.e. φ = φ1 ∧ · · · ∧ φn. In this 
case, b(r(t), t) can be chosen as

b(r(t), t) = −
1
κ
ln(e−κb1(r(t),t) + · · · + e−κbn(r(t),t))

(26)
where bi(r(t), t), i = 1, . . . , n are constructed accord-
ing to Steps (I) and (II).

Thus, for a given STL formula in (23b), a cor-
responding CBF can be constructed following Steps 
(I)–(III).

4.3. QP-based STL satisfaction

Once the time-varying CBF b(r, t) has been con-
structed for the given STL specification, the trajectory 
generator input ur can be obtained by a straightfor-
ward modification of the QP in (21).

Consider the disturbed nonlinear system (5) sub-
ject to an STL specification in (23), together with 
the disturbance observer (6), the composite con-
troller (9), and the trajectory generator (12). Suppose 
that Assumption 2.1 holds, b(r(0), 0) > 0, and let δ
and δc be positive constants satisfying be(r(0), x(0))−

δVed(0) > 0, λ−
ν
2 −

δc
2 > 0. If ur is obtained by solv-

ing 

arg min
ur∈Rp

uTr Hur

s.t.
∂b(r(t), t)
∂r(t)

T
ur +

∂b(r(t), t)
∂t

≥ −α(b(r(t), t)), (27a)

∂be(r(t), x)
∂r

T
ur ≥ −

∂be(r(t), x)
∂x

T

× F(x, r)+
δ(d̄∗)2

2ν

+
∥
∂be
∂x

T
Bc(x, r)∥2

4δ(λ−
ν
2 −

δc
2 )

− δcbe(r(t), x)

(27b)

then the trajectory generator output r(t) satisfies 
the given STL specification, and the system output 
y(t) tracks r(t) with tracking error satisfying ∥y(t)−

r(t)∥ ≤ ε, ∀t ≥ 0.

Remark 4.2: The proposed integrated safe trajectory 
planning and control framework guarantees that the 
system output y(t) tracks the STL compliant refer-
ence trajectory r(t) within a prescribed error bound 
ε. However, since the STL specification is formally 
enforced only at the reference level, strict satisfac-
tion by y(t) is not guaranteed in general. This issue 
becomes particularly relevant when the robustness 
degree (Donzé & Maler, 2010; Lindemann & Dimarog-
onas, 2019b, 2020) of r(t) with respect to the STL 
specification is close to zero, in which case even small 
tracking deviations may lead to violations. A practi-
cal and widely adopted approach to mitigate this issue 
is to introduce a robustness margin when verifying 
STL specifications for r(t). For example, the predi-
cates in the STL formula can be tightened by requiring 
hµ(r(t)) ≥ ε, so that any signal evolving within an ε-
neighbourhood of r(t), including y(t), also satisfies 
the original specification. It is noted that the relation 
between the required robustness margin and the track-
ing error is generally not explicit, since it depends 
on the specific structure of the STL formula, includ-
ing the temporal operators and logical compositions 
involved. Nevertheless, such predicate tightening pro-
vides a practically effective way to improve the reli-
ability of STL satisfaction under bounded tracking 
uncertainty.

5. Simulation results

The effectiveness of the proposed integrated safe tra-
jectory planning and control framework is evaluated 
through numerical simulations on a mobile robot 
described by the nonlinear model in (4). Following 
the modelling approach in G. Wang et al. (2024) 
and X. Wang et al. (2026), the linear velocity v is 
treated as an internal state with a prescribed initial 
value, and an auxiliary dynamic equation v̇ = uv is 
introduced to regulate the dynamics of v. Let p1 =

[v cos(θ), v sin(θ)]T. Then, system (4) can be rewritten 
as {︄

ṗ = p1 + d,
ṗ1 = Gu

(28)
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where p = [px, py]T ∈ R2, u = [uv, uθ ]T, d =

[dx, dy]T, and G = [cos(θ),−v sin(θ); sin(θ),
v cos(θ)].

Under the assumption that v remains nonzero dur-
ing task execution (G. Wang et al., 2024), the control 
input

u = G−1(−k1(p − r)− k2(p1 + d̂))

drives the system output p to a neighbourhood of the 
desired fixed point r.

The parameters are selected according to the fol-
lowing general guidelines. The observer gain λ deter-
mines the convergence rate of the disturbance esti-
mation error and is selected together with ν and δc
to satisfy λ− ν/2 − δc/2 > 0. The tracking gains k1
and k2 determine the nominal second-order tracking 
dynamics and can be selected according to the desired 
natural frequency and damping ratio. The parameters 
δ, ν, and δc are further selected to satisfy the condi-
tions in Theorem 3.1, while ε is determined accord-
ing to the allowable tracking error and the required 
safety margin. In general, the parameters are tuned 
to balance disturbance estimation speed, tracking per-
formance, robustness, and control effort. In this sim-
ulation, the parameters are set to λ = 6, k1 = 4.6, 
and k2 = 2.5. The unknown disturbances are given by 
dx = sin(0.5t)e−t , dy = cos(0.5t)e−t .

To provide a representative and technically relevant 
benchmark, the HoCBF-based method in X. Wang 
et al. (2025) is selected for comparison. HoCBFs con-
stitute a standard approach for enforcing high relative 
degree safety constraints, while the method in X. Wang 
et al. (2025) further addresses safety-critical control of 
nonlinear systems subject to unmatched disturbances, 
which is closely related to the problem considered in 
this paper. More importantly, the proposed method 
and X. Wang et al. (2025) adopt fundamentally dif-
ferent mechanisms for handling high relative degree 
safety constraints: the latter directly enforces safety 
on the system output through high-order barrier con-
ditions, whereas the proposed method transfers the 
safety enforcement to a first-order trajectory genera-
tor. Therefore, this comparison directly evaluates the 
effect of avoiding high-order barrier constructions in 
terms of conservativeness and task feasibility.

5.1. Trajectory safety enforcement under 
disturbances

In the first scenario, the proposed method is eval-
uated for safety enforcement in the presence of 
unknown disturbances. The robot is assigned a per-
sistent inspection task in a planar environment. 
The desired reference trajectory is given by pd(t) =

[0.5t, 25 sin(0.05t)]T, which corresponds to a sinu-
soidal scanning motion. This reference is processed by 
the trajectory generator (12), which computes a safety-
admissible intermediate trajectory r(t) by solving the 
QP (21). The nominal control input for the generator is 
set as unomr = [0.5, 1.25 cos(0.05t)]T − r − pd, and the 
error constant is selected as ε = 0.7.

Figure 3 compares the path profiles obtained by 
the proposed method and the HoCBF-based approach. 
Although both methods maintain safety under dis-
turbances, the HoCBF-based method exhibits more 
conservative behaviour near the boundary of the dan-
ger zone. In contrast, the proposed method allows 
the system to track the desired path more closely 
while remaining within the admissible region. Figure 4 
shows the evolution of ∥p(t)− r(t)∥, which remains 
strictly bounded under the proposed approach due 
to the CBF-based performance regulation mechanism 
integrated into the trajectory generator. The distur-
bance estimation errors are presented in Figure 6. 
Both estimation error components rapidly converge 
to a small neighbourhood of zero despite the time-
varying disturbances, demonstrating the effectiveness 
of the disturbance observer. Figure 5 shows the cor-
responding control responses. The heading angular 
velocity uθ  exhibits short corrective transients when 
the robot changes its motion direction or approaches 
safety-critical regions, while the linear velocity v varies 
smoothly during the task. Both control signals remain 
bounded, indicating that the safety modification does 
not introduce excessive control actions.

5.2. STL-constrained task enforcement under 
disturbances

In the second scenario, the proposed framework is 
evaluated on a more complex task described by STL. 
Specifically, we consider a navigation problem involv-
ing sequential goal-reaching requirements together 
with obstacle avoidance. The STL specification in 
(29) captures both the timed access requirements and 
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Figure 3. Path profiles under the HoCBF and the proposed 
method, where the pink area is designated as the danger zone.

Figure 4. The error curve between the actual position p(t) and 
the trajectory generator r(t).

Figure 5. Control responses of the heading angular velocity uθ
and the linear velocity v.

Figure 6. Estimated errors of the unknown disturbances.

the safety requirements. Consider a planar environ-
ment containing five obstacle regions and three target 
regions. The task description is as follows:

Task I: Sequential access tasks with deadlines
The robot is tasked with starting from the origin, 
reaching goal 1 within 50 seconds, and remaining at 
goal 1 for 5 seconds. Next, the robot must reach goal 
2 within the subsequent 45 seconds and stay there 
for 5 seconds. Finally, the robot should arrive at goal 
3 within the following 40 seconds and remain there 
indefinitely. The three target areas are defined as fol-
lows:

goal 1 : ∥p − pg1∥ < ϱ1, goal 2 : ∥p − pg2∥ < ϱ2,

goal 3 : ∥p − pg3∥ < ϱ3, origin : ∥p − po∥ < ϱo

where pg1 = [10, 10]T, pg2 = [22, 6]T, pg3 = [15, 0]T, 
po = [0, 0]T, and ϱ1 = 1, ϱ2 = 1, ϱ3 = 1, and ϱo =

0.5.
Task II: Obstacle avoidance

During task execution, the robot is required to avoid 
all obstacle regions while navigating toward the target 
regions. The environment includes five obstacle areas, 
which are described as follows:

obs 1 : ∥p − po1∥ < ϱo1 , obs 2 : ∥p − po2∥ < ϱo2 ,

obs 3 : ∥p − po3∥ < ϱo3 ,

obs 4 : ∥p − po4∥ < ϱo4 , obs 5 : ∥p − po5∥ < ϱo5

where po1 = [2, 3]T, po2 = [7, 5]T, po3 = [12, 6.5]T, 
po4 = [15, 8]T, po5 = [17, 4.5]T, and ϱo1 = 2, ϱo2 = 3, 
ϱo3 = 1, ϱo4 = 1.5, ϱo5 = 2.5.

The corresponding STL formula describing Tasks I 
and II can be expressed as

2 = φ1 ∧ φ2 ∧ φ3 ∧ φobs1 ∧ φobs2 ∧ φobs3

∧ φobs4 ∧ φobs5 (29)

where φ1 = G[50,55](goal1), φ2 = G[100,105](goal2),
and φ3 = G[145,170](goal3) encode the goal-reaching 
requirements in Task I, whereas φobs1 = G[0,170]
(¬obs1), φobs2 = G[0,170](¬obs2), φobs3 = G[0,170]
(¬obs3), φobs4 = G[0,170](¬obs4), and φobs5 =

G[0,170](¬obs5) encode the obstacle-avoidance
requirements in Task II. Specifically, we require the 
tracking error in the tracking layer to remain within 
0.5, i.e. ∥p(t)− r(t)∥ ≤ 0.5.

The resulting trajectories under the two control 
strategies are shown in Figures 7 and  8, respectively. As 
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Figure 7. System trajectory under STL specification (29) using the 
proposed method.

Figure 8. System trajectory under STL specification (29) using the 
HoCBF method.

shown in Figure 7, the proposed method enables the 
robot to follow the trajectory generator output, satisfy 
the STL specification, and maintain safety through-
out the task. In contrast, Figure 8 shows that the 
HoCBF-based method successfully reaches the first 
target but subsequently fails when passing through 
the narrow region formed by multiple obstacles. The 
high-order barrier constraints become more restrictive 
in this region, substantially reducing the admissible 
motion directions and preventing continued execution 
of the temporal task. Figure 9 presents the tracking 
error between the actual position and the generated 
trajectory. Although transient increases occur when 
the trajectory generator changes its motion toward 
a new target or modifies the reference for obstacle 
avoidance, the error remains below the prescribed 
bound of 0.5 throughout the task. This confirms 
that the performance CBF coordinates the trajectory 
generation and tracking layers even during relatively 
rapid reference adjustments. The corresponding con-
trol responses are shown in Figure 10. The heading 
angular velocity mainly exhibits transient corrective 
actions during changes in motion direction, whereas 
the linear velocity increases during inter-target motion 

Figure 9. The error curve between actual position p(t) and tra-
jectory generator r(t).

Figure 10. The heading angle velocity uθ  and the linear velocity 
input v.

and decreases as the robot approaches the required 
target regions. Both signals remain bounded through-
out the task. These results show that the proposed 
method achieves the STL-constrained motion without 
inducing persistent high-frequency or excessively large 
control actions.

6. Conclusion

This paper presented an integrated framework for safe 
trajectory planning and control of disturbed nonlin-
ear systems with high relative degree. By combining 
a disturbance-rejection controller with a safety-aware 
first-order trajectory generator, the proposed method 
enables safety enforcement using standard first-order 
CBFs, thereby avoiding the high-order barrier con-
struction and disturbance derivatives required by con-
ventional HoCBF-based approaches. Disturbance esti-
mation is incorporated into the tracking layer, while 
the trajectory generator explicitly accounts for esti-
mation errors to coordinate safety and tracking per-
formance under disturbances. Moreover, the modular 
framework can be extended to STL specifications by 
modifying the trajectory-generation layer. Simulation 
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results demonstrated the effectiveness and reduced 
conservativeness of the proposed method. Future work 
will extend the framework to nonlinear systems with 
input constraints, model uncertainties, and more gen-
eral disturbance structures, together with the corre-
sponding feasibility and robustness analysis.
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