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A Differentiable Constraint-Aware Motion Planning
Module for Unsupervised Trajectory Optimization

Zhaoyan Huang1, Chao Zhang2, Rui Zhang3, Yiding Ji4, Jinlong Hong1,*, Bingzhao Gao1,2, and Qingwei Liu5

Abstract—Autonomous driving requires planning trajectories
that are not only goal-oriented but also compliant with safety
and feasibility constraints such as lane boundaries, inter-agent
distances, and motion smoothness. However, in dynamic and
uncertain environments, obtaining ground-truth trajectories for
supervised learning can be costly or impractical. In this paper,
we propose a constraint-aware, supervision-free trajectory plan-
ning framework that could learn safe and executable behaviors
directly from violation-prone data. Our approach outputs control
actions that are rolled out using a kinematic model to generate
trajectories, which are then optimized via a differentiable loss
incorporating learnable Lagrangian penalties. In particular, we
develop a lane boundary constraint based on signed lateral
deviations and enforce it through a smooth penalty formulation.
Experiments on the nuScenes Open Motion Dataset demonstrate
that our method ensures strict compliance with road boundaries
while staying close to reference goals, and it can be seamlessly
integrated as a plug-in module with End-to-End pipelines.

I. INTRODUCTION

Planning safe and efficient trajectories is a central task
in autonomous driving systems. The planner must produce
trajectories that guide the ego vehicle toward its destination
while simultaneously satisfying safety-critical constraints such
as road boundary adherence, collision avoidance, and comfort.
Traditional rule-based planners can handle such constraints
explicitly but lack adaptability and scalability in diverse and
dynamic scenarios. On the other hand, recent learning-based
planners offer better generalization by leveraging large-scale
data but often struggle to guarantee hard constraint satisfac-
tion, especially in safety-critical domains.

Most existing methods [1, 2, 3, 4, 5] formulate End-to-
end (E2E) systems as imitation learning tasks, typically per-
forming trajectory regression under sparse supervision. These
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Fig. 1. Architecture of the autonomous driving system. This work focuses
on the Trajectory Optimization Module, which receives inputs from the end-
to-end module, including perception outputs, map information, predictions of
surrounding agents, and the initial target waypoints of the ego vehicle. The
module generates trajectories that satisfy safety constraints, vehicle kinematic
feasibility, and ride comfort requirements, providing smooth and trackable
paths for the downstream control module.

approaches primarily focus on reference trajectory fitting un-
der sparse supervision, while often neglecting robust closed-
loop performance and relying heavily on either costly expert
demonstrations or dense reward designs that are challenging
to define in ambiguous or multi-modal scenarios. In addition,
closed-loop oriented methods [6, 7, 8, 9] seek to address
system-level feedback but face additional challenges, including
non-convex optimization problems [10] and accumulated steer-
ing errors [11] during long-horizon execution.To address these
limitations, this paper proposes a differentiable, constraint-
aware trajectory optimization framework that enhances the
safety of end-to-end autonomous driving systems by enforc-
ing hard constraints without relying on ground-truth supervi-
sion(as shown in Fig. 1).

A. Related Work

1) Learning-based Planning: E2E driving systems have
made significant progress in recent years, offering fully dif-
ferentiable pipelines that map raw sensor inputs directly to
planning or control outputs. Several recent studies have further
advanced E2E autonomous driving. For example, TCP [12]
enhances decoder expressiveness and unifies control and tra-
jectory prediction through multitask learning from a monoc-
ular camera. ST-P3 [13] jointly designs perception and plan-
ning from sequential camera inputs, passing shared features
through a decoder to enhance semantic scene understanding.
UniAD [1] integrates perception, prediction, and planning into
a unified network architecture, achieving a full-stack, control-
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lable autonomous driving model with improved extensibility,
interpretability, safety, and iterative capability.

Despite promising results on public benchmarks such as
Waymo [14] and nuScenes [15], as well as simulators like
CARLA [16] and industrial deployments such as Tesla, E2E
systems still face significant challenges. Compared to tradi-
tional modular designs, E2E frameworks operate largely as
black boxes, complicating interpretability and system debug-
ging. Moreover, imitation learning-based approaches inher-
ently lack mathematical guarantees of safety and rely heavily
on the data distribution of supervised training. As a result, E2E
systems often exhibit poor generalization to unseen, complex,
or dynamic environments, limiting their robustness under real-
world conditions.

2) Physics-Informed and Differentiable Planning: Inspired
by physics-informed neural networks (PINNs) [17], differen-
tiable trajectory planners aim to embed physical constraints
and system dynamics directly into the optimization process.
Early works [18, 19] proposed differentiable layers that incor-
porate dynamic models and constraint handling into control
policies, often relying on quadratic programs or convex ap-
proximations. While effective for structured problems, these
approaches are limited in expressiveness and scalability due
to their reliance on convexity assumptions.

Recent efforts have extended differentiable planning frame-
works to autonomous driving. For instance, Zhou et al. [20]
proposed FusionAssurance, a novel trajectory-based end-to-
end driving fusion framework integrating physics-informed
control for safety, capable of handling untrained and neural
network-ungeneralizable scenarios. Huang et al. [21] proposed
an integrated, differentiable motion prediction and planning
approach using a learnable cost function, followed by a general
optimization solver, enabling end-to-end optimization across
prediction and planning modules. However, such methods
do not explicitly guarantee the satisfaction of hard safety
constraints such as lane boundary adherence and collision
avoidance, which are critical for autonomous driving safety.

In contrast, our method aims to bridge the gap between
model-based constraint enforcement and data-driven flexibility
by incorporating a constraint-aware trajectory optimization
framework within a fully differentiable learning system. In-
stead of relying on strong convexity assumptions or ground-
truth supervision, our approach directly embeds differentiable
safety constraints into the training process to improve trajec-
tory feasibility and safety, without the need for an additional
numerical optimizer.

B. Contributions
This paper proposes a constraint-aware trajectory planner

that learns from violation-prone data without requiring ground-
truth supervision. Our method directly predicts control se-
quences, which are rolled out through a differentiable kine-
matic model to generate future trajectories. These trajectories
are optimized using a loss function that integrates task objec-
tives and Lagrangian penalty terms to softly enforce safety-
critical constraints.

Specifically, we design a novel lane boundary constraint
based on signed lateral deviation and introduce a learnable

Lagrange multiplier to adaptively balance constraint enforce-
ment during training. Unlike black-box imitation learning
approaches, our planner supports seamless integration with
upstream perception or prediction modules and serves as a
safety-aware differentiable optimizer.

We summarize our main contributions as follows:
• We propose a supervision-free trajectory optimization

framework based on differentiable kinematic rollout and
constraint-driven learning.

• We develop a differentiable Lagrangian penalty formula-
tion that enables learning from violation-prone data while
enforcing hard safety constraints.

• We introduce a scene-adaptive constraint weighting
mechanism and demonstrate plug-and-play compatibility
with E2E pipelines.

II. PRELIMINARY

A. Problem Formulation
We consider a continuous-space, discrete-time autonomous

driving scenario involving an ego vehicle (AV) and a varying
number of interacting traffic participants. The state of the AV
at time t is denoted as s0t , and the state of surrounding agents
is denoted as sit, where i = 1, . . . , N indexes other agents.
Each agent is semantically labeled (e.g., pedestrian, vehicle),
and current states for the are aggregated into X = {s0:N0 }.
Additionally, we assume the availability of a semantic high-
definition map and traffic context, denoted as M.

The planner takes (X,M) as input and predicts future
control sequences for both the AV and surrounding agents.
Specifically, it outputs:

• A sequence of ego vehicle controls u0 = [a0t , δ
0
t ]

T
t=1;

• Sequences of controls for each surrounding agent ui =
[ait, δ

i
t]
T
t=1, where i = 1, . . . , N .

Using a kinematic model, these control sequences generate
corresponding trajectories:

x0(u0) = [x0
t , y

0
t , θ

0
t , v

0
t ]

T
t=1

for the AV, and

xi(ui) = [xi
t, y

i
t, θ

i
t, v

i
t]
T
t=1

for each surrounding agent.
The planner solves the following constrained optimization

problem:

min
{u0,u1,...,uN}

ωtaskLtask({xi}) + ωsmoothLsmooth({ui})+

ωtargetLtarget({xi})
s.t. gj({xi}) ≤ 0, j = 1, . . . ,m

xi
t+1 = fk(x

i
t,u

i
t),

∀i = 0, . . . , N, ∀t = 1, . . . , T − 1 (1)

a) Inequality Constraints: explicitly include:
• Collision avoidance constraint (ego and participants):

For the AV and its nearest 10 surrounding traffic par-
ticipants, the minimum safety distance rsafe must be
maintained:

∥[xt, yt]− [xi
t, y

i
t]∥ − rsafe ≥ 0,

i = 1, . . . , 10, ∀t
(2)
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Fig. 2. Overview of the proposed planning architecture. The system takes as input the current states of the ego vehicle and surrounding agents, their assigned
future target waypoints, and semantic map features. A transformer-based encoder extracts contextual representations, based on which the network predicts
future control sequences for all agents. These are rolled out via a differentiable kinematic model to generate future trajectories, which are then optimized
through a constraint-aware objective balancing task performance and safety.

• Collision avoidance constraint (between participants):
The distance between each pair among the nearest 10 sur-
rounding participants must also satisfy the safety distance
constraint:

∥[xi
t, y

i
t]− [xj

t , y
j
t ]∥ − rsafe ≥ 0, ∀t,

∀i, j = 1, . . . , 10, i ̸= j
(3)

• Lane boundary constraint: Ensures the AV remains
within lane boundaries:

|dlat(xt, yt)| −
(
w(xt)

2
− ϵ

)
≤ 0, ∀t (4)

• Velocity limit constraint: Ensures the AV velocity vt
stays within limits:

vt − vmax ≤ 0, ∀t (5)

b) Equality Constraints: represent general vehicle state
dynamics:

xt+1 = fk(xt,ut), ∀t = 1, . . . , T − 1 (6)

where the explicit form of fk will be detailed in subsequent
sections.

c) Soft Constraint Penalties in Objective Function::
• Control smoothness loss: Penalizes abrupt changes in

control inputs separately for AV (u0) and participants
(ui), with weights ω0

smooth and ωi
smooth:

Lsmooth(u) = ω0
smooth

T−1∑
t=1

(
∥a0t+1 − a0t∥2 + ∥δ0t+1 − δ0t ∥2

)
+ ωi

smooth

∑
i,t

(
∥ait+1 − ait∥2 + ∥δit+1 − δit∥2

)
(7)

• Target deviation loss: Penalizes deviation from prede-
fined target points for the AV (future timesteps 1, 2, and

3 seconds) and participants (at 3 seconds) with weights
ω0

target and ωi
target:

Ltarget(x(u)) = ω0
target

∑
τ∈{1,2,3}

∥[xτ , yτ ]− [xref
τ , yref

τ ]∥2

+ ωi
target

∑
i

∥[xi
3, y

i
3]− [xi,ref

3 , yi,ref
3 ]∥2 (8)

This comprehensive formulation incorporates explicit safety
and feasibility constraints, smoothness, and precision to pre-
defined targets, effectively balancing multiple aspects critical
for autonomous driving scenarios.

III. METHODOLOGY

Our proposed planning framework is composed of a mod-
ular pipeline that integrates feature encoding, control pre-
diction, differentiable vehicle dynamics, and constraint-aware
optimization. In this section, we describe the core components
and the training strategy of our approach.

A. Overview of the Architecture

Given the scene input (X,G,M), where X ∈ R(N+1)×d

represents the current states of the ego vehicle and surrounding
agents, G ∈ R(N+1)×g denotes the assigned future target
waypoints for all agents, and M ∈ RL×m denotes semantic
map features, the system proceeds through four stages. First, a
transformer-based encoder extracts contextual representations
by fusing agent states, target goals, and map information.
Based on the encoded scene features, the network predicts
future control sequences u ∈ R(N+1)×T×2 for both the ego
vehicle and surrounding participants. These control commands
are passed through a differentiable kinematic model to roll out
corresponding trajectories x(u) ∈ R(N+1)×T×4. Finally, the
trajectories are optimized by minimizing a constraint-aware
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objective that balances task performance, comfort, and safety
constraints. Fig. 2 illustrates the overall architecture of the
proposed framework.

B. Multi-Agent Scene Encoder

To effectively model multi-agent interactions and incor-
porate contextual semantics, we adopt a transformer-based
encoder architecture. Each agent, including the ego vehicle
and surrounding participants, is embedded as a token enriched
with its current kinematic state, assigned target waypoints,
and agent type information. Map elements, such as lane
boundaries and road topology, are separately encoded and
fused with agent embeddings. The transformer applies masked
self-attention across all tokens, enabling the network to reason
about interactions among agents and between agents and the
environment. This process results in contextualized feature
representations hi ∈ Rd for each entity, serving as the
foundation for downstream control prediction and constraint-
aware optimization.

C. Control Decoder and Kinematic Rollout

Fig. 3. Kinematic bicycle model [22]

The control decoder predicts the ego vehicle’s control
sequence u = [at, δt]

T
t=1, where at and δt are the acceler-

ation and steering angle at time step t. The future trajectory
x(t) = [xt, yt, θt, vt] is generated via a differentiable kine-
matic bicycle model(as show in Fig. 3):

xt+1 = xt + vt cos(θt)∆t,

yt+1 = yt + vt sin(θt)∆t,

θt+1 = θt +
vt
L

tan(δt)∆t,

vt+1 = vt + at∆t

(9)

where L is the vehicle’s wheelbase. This rollout mechanism
is fully differentiable and enables backpropagation of the loss
gradients through control predictions. In addition, the same
rollout process is applied to other traffic participants.

D. Lagrangian Penalty-Based Loss Construction

To enforce hard constraints without access to ground-truth
trajectories, we design a total loss function that combines task-
oriented objectives and differentiable constraint penalties using
a Lagrangian formulation (as illustrated in Fig. 4):

Ltotal = ωtaskLtask + ωsmoothLsmooth + ωtargetLtarget

+
∑
j

exp(log λj) · L(j)
constraint

(10)

1) Lane Boundary Constraint: To ensure the ego trajectory
stays within drivable boundaries, we model each lane by its
left and right boundaries and define a constraint penalty based
on lateral deviation.

For each trajectory point (xt, yt), we compute the closest
centerline point from the averaged boundaries and calculate
the signed lateral deviation using the cross product with the
local tangent vector:

dlat(xt, yt) = sign(v⃗dir × v⃗offset) · ∥v⃗offset∥ (11)

The constraint violation is then defined as:

g(xt) = |dlat(xt, yt)| −
(
w(xt)

2
− ϵ

)
(12)

where w(xt) is the local lane width and ϵ is a safety margin.
This violation is softly penalized using the smooth

softplus(z) = log(1 + ez) function:

Llane = λlane ·
∑
t

softplus(β · g(xt)) (13)

The multiplier λlane is represented as a learnable parameter
in log-space to ensure positivity:

λlane = exp(log λ) (14)

This formulation allows E2E training from constraint-
violating samples and enables the model to learn safe behavior
from imperfect demonstrations.

Fig. 4. Calculate Lane Boundary Constraint.

2) Other Constraints: Additional differentiable constraints
include collision avoidance:

Lcoll =
∑
i,t

max
(
0, rsafe −

∥∥∥[xt, yt]− [x
(i)
t , y

(i)
t ]

∥∥∥)2

(15)

and velocity limits:

Lspeed =
∑
t

max (0, vt − vmax)
2 (16)

Each λj term can be fixed or adaptively updated using the
dynamic loss weighting module described next.
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Algorithm 1 Primal–Dual Constraint-Aware Trajectory Opti-
mization
Require: Initial network parameters θ and Lagrange multipli-

ers log λj

Require: Learning rates ηp (for Primal) and ηd (for Dual),
training dataset D

1: for each training epoch do
2: for each mini-batch (X,M) ∼ D do
3: Encode scene features using Transformer encoder
4: Predict control sequence u = [at, δt]

T
t=1

5: Roll out trajectory x(t) via differentiable dynamics
6: Compute the following losses:

Ltask, Lsmooth, Ltarget, gj(x) (j = 1, . . . , C)

7: Compute soft constraint penalties:

sj = softplus(β · gj(x))

8: Compute λj = exp(log λj)
9: Compute total primal loss:

Lprimal = Ltask + Lsmooth + Ltarget +

C∑
j=1

λj sj

10: Primal Update:
11: Backpropagate ∇θLprimal

12: Update network parameters: θ ← θ−ηp∇θLprimal

13: Dual Update:
14: Detach x to freeze gradients with respect to θ
15: Compute dual loss:

Ldual = −
C∑

j=1

λj sj

16: Backpropagate and Update Lagrange multipliers:
∇log λLdual

17: end for
18: end for

E. Training Procedure

As summarized in Algorithm 1, the model is trained through
an unsupervised primal-dual optimization [23] framework
without relying on ground-truth supervision. At each itera-
tion, given the initial state and environmental context, the
model predicts a sequence of control inputs, and trajectory
rollout is conducted using differentiable vehicle dynamics. The
loss function integrates task performance, control smoothness,
target tracking, and soft penalties for constraint violations.
Gradients are propagated throughout the encoder, decoder,
dynamics model, and constraint modules, and the network
parameters are optimized using Adam with a cosine learning
rate schedule.

Concurrently, the Lagrange multipliers associated with each
constraint are updated by evaluating constraint violations on
the detached primal trajectories and applying gradient ascent.
The multipliers are initialized from a uniform distribution and
adaptively adjusted during training to softly enforce feasibility
without introducing instability. This approach enables the

model to progressively converge towards safe and feasible be-
haviors even when learning from suboptimal or noisy training
data.

IV. EXPERIMENTAL RESULTS

A. Dataset

We evaluate our planning framework using the nuScenes
dataset [15], a large-scale benchmark for autonomous driving
in urban environments. The dataset contains 1,000 scenes, each
20 seconds long, collected in Boston and Singapore with high-
resolution sensor data including LiDAR, radar, camera, GPS,
and semantic HD maps.

In total, we obtained 28,130 training samples and 6,019
test samples. Notably, our method does not utilize ground-
truth future trajectories during training. Instead, we directly
employ the predictions generated by an upstream E2E model,
combined with map information, as references for optimiza-
tion. All methods are evaluated on the same set of validation
scenarios to ensure consistency and fairness.

B. Evaluation

We evaluate our method based on two key metrics: the
number of collision events and the number of lane boundary
violations across all validation samples. A collision is recorded
if the ego vehicle’s trajectory intersects with another dynamic
agent within a predefined safety distance. A boundary violation
occurs if any trajectory point crosses outside the designated
lane region.

We qualitatively illustrate the effectiveness of our approach
through two representative scenarios:

Fig. 5. Scenario 1: The red crosses represent the target waypoints of
surrounding traffic participants, while the blue crosses represent the target
waypoints of the AV. The planner adjusts the trajectory to proactively avoid
surrounding agents while staying close to the reference points, demonstrating
safe and feasible motion planning under dynamic traffic interactions.

Scenario 1(as show in Fig. 5): Target Following with Dy-
namic Obstacle Avoidance. In this scene, the E2E-predicted
reference points lie within the drivable area but are located
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Fig. 6. Scenario 2: Comparison of trajectory optimization results without (a) and with (b) Lagrangian dual-based training. The top row shows that without
constraint penalties, optimized trajectories may violate lane boundaries when target points fall outside the drivable area. The bottom row demonstrates that
with dual-based training, the trajectories strictly adhere to lane boundaries while remaining close to the target points.

near multiple moving agents. Our planner successfully refines
the trajectory to closely follow the targets while proactively
avoiding surrounding traffic participants, maintaining safety
without significant deviation from the intended path.

Scenario 2(as illustrated in Fig. 6): Handling Target
Points Beyond Lane Boundaries. In this scene, some E2E-
predicted targets fall outside the valid lane boundary, poten-
tially leading to unsafe behavior. Our optimization framework
generates a trajectory that strictly adheres to the lane con-
straints while staying as close as possible to the provided
reference points, demonstrating robust constraint enforcement
under adverse conditions.

Table I quantitatively compares the raw E2E outputs and
the optimized trajectories over the entire validation set.

TABLE I
COLLISION AND BOUNDARY VIOLATION COMPARISON

Method Collision Boundary Violation
E2E Model (SparseDrive [24]) 49 17
E2E + Our Optimizer 11 3

The results indicate that our planner significantly reduces
both collision and boundary violation occurrences, validating

its ability to enhance the safety and feasibility of raw trajectory
predictions. Moreover, due to its modular design, the proposed
method can be readily integrated into various upstream predic-
tion or planning systems to further improve real-world driving
reliability.

V. CONCLUSION

This paper presents a differentiable, constraint-aware tra-
jectory optimization framework for autonomous driving, ca-
pable of operating without ground-truth supervision. By in-
tegrating a Transformer-based scene encoder, a differentiable
kinematic rollout, and a Lagrangian penalty formulation, our
method enforces task objectives and critical safety constraints,
enabling feasible and safe trajectory generation from im-
perfect upstream predictions. Experiments on the nuScenes
dataset demonstrate that our approach significantly improves
constraint satisfaction while maintaining task performance.
Although the current method assumes accurate agent state
estimation and focuses on short-to-medium horizon planning,
future work will explore uncertainty-aware optimization and
closed-loop validation. The modular and plug-and-play design
further ensures flexibility for integration with diverse predic-
tion pipelines in real-world systems.
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