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A Task Decomposition Approach for Signal Temporal Logic Control

Yangrui Zhang!, Shiheng Zhang', Shaowen Miao, and Yiding Ji*

Abstract— This paper develops an optimal control approach
for nonlinear dynamical systems with Signal Temporal Logic
(STL) specifications. We first decompose the given STL task into
disjoint “Eventually” and ‘“Always” fragments. The ‘“Eventu-
ally” formula is encoded into the objective function using an
Attractive Potential Field (APF), and the “Always” formula is
enforced by designing time-varying Control Barrier Functions
(CBFs) using nonlinear programming. A smooth approximation
technique is employed to handle conjunctions of STL formulas,
which facilitates gradient-based optimization for synthesis.
Our STL task decomposition-based synthesis framework has
improved computational efficiency and feasibility compared
with conventional mixed integer linear programming and pure
CBF approaches, especially for scenarios involving multiple
temporal objectives and safety constraints. The performance
of our method is demonstrated through numerical simulations
in which a mobile robot aims to achieve sequential reachability
and obstacle avoidance tasks under temporal constraints.

Index Terms— Signal temporal logic, optimal control, control
barrier functions, attractive potential field, nonlinear systems

I. INTRODUCTION

With the increasing complexity of autonomous control
systems, there is a growing demand for advanced control
strategies capable of handling periodic, sequential, and reac-
tive task specifications [1]. In this context, the integration of
formal methods with optimal control has attracted significant
attention, enabling the execution of complex, multi-objective
tasks, meanwhile provably ensuring safety and correctness.
Among formal languages, temporal logics such as linear tem-
poral logic (LTL) and signal temporal logic (STL), provide
an expressive framework for specifying complex behaviors
of dynamic systems [2]. In particular, STL is adequate
for describing continuous-time properties with strict timing
constraints [3], and has been successfully applied in both
theoretical studies and practical implementations [4]-[8].

Despite its advantages, synthesizing controllers to enforce
STL specifications remains challenging, particularly when
simultaneously optimizing performance and ensuring safety
and stability. A common approach is embedding STL tasks as
constraints of Mixed-Integer Linear Programming (MILP) or
Mixed-Integer Quadratic Programming (MIQP) frameworks
[9], [10]. Although tasks are accomplished, these methods
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typically suffer from high computational complexity and lim-
ited scalability, particularly under dense temporal constraints.
To mitigate the issue, time-interval decomposition methods
have been proposed [11], however, they often suffer from
high approximation errors and computation complexity.

To mitigate these issues, recent works have integrated
control barrier functions (CBFs) into quadratic programming
(QP) for STL control synthesis [12]-[14]. CBFs preserves
real-time constraints by ensuring forward invariance of safe
sets [15], and has been widely adopted in safety-critical
systems [16]-[21]. However, when applied to STL tasks with
multiple conjunctions, the feasible set often becomes overly
conservative, potentially leading QP to be infeasible. More-
over, encoding “Eventually” operator using CBFs remains
challenging due to two key limitations: (1) limited flexibility
in specifying timing constraints, and (2) the inherent myopia
of CBFs, which means satisfaction is not guaranteed outside
the settled temporal intervals [12]. Although variants of CBF,
such as finite-time CBFs [22] and control Lyapunov barrier
functions (CLBFs) [23] have been proposed to address these
limitations, their synthesis remains skillfully demanding.

An alternative approach incorporates STL robustness into
the control objectives using smooth approximations such
as the log-sum-exp function, then employs gradient-based
optimization to design controllers [24]. This framework has
been extended to enforce Metric Temporal Logic (MTL)
specifications [25]. However, such formulations often lead
to overly complicated nonlinear objectives, which renders it
challenging to derive globally optimal solutions. Moreover,
when the “Always” operator is active, agents may continue
optimizing objective functions even after the formula is
satisfied, causing undesirable aggressive behaviors.

Motivated by the above challenges, this paper develops
a novel STL task decomposition based optimal control
approach. First, we decompose the specifications into “Even-
tually” and “Always” fragments. The “Eventually” formula
is incorporated into the objective function via a properly
designed attractive potential field (APF), which guides the
system to achieve desired objectives via gradient based op-
timization. Meanwhile, the “Always” formula is encoded as
constraints and then enforced with synthesis of time-varying
CBF. This decomposition not only improves the feasibility
and efficiency of control synthesis but also enhances the
controller’s robustness with respect to specification conflicts
between “Always” and “Eventually” components. Then we
provide extensive simulation results to substantiate the per-
formance of our approach, which demonstrates improved
trajectory planning performance and satisfaction of tasks
compared to existing methods without STL decomposition.
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The rest of this paper is structured as follows. Section II
introduces the system model, briefly reviews signal temporal
logic and control barrier functions, then formulates the
STL control problem for investigation. Section III proposes
the control synthesis approach, which is validated through
numerical simulations in Section IV. Finally, Section V
concludes the paper and outlines future research directions.

II. PRELIMINARIES AND PROBLEM FORMULATION

Let R, Ry, and R™ be the sets of real numbers, positive
real numbers, and real vectors of dimensions n. Denote
by 1 and O the vectors of all entries being one and zero,
respectively. Consider the nonlinear control-affine dynamical
system described by the equation:

&= f(x)+g(x)u, M
where © € R” is the system state, and uw € U C R™ is the
control input. The functions f : R® — R" and g : R" —
R™ ™ are assumed to be locally Lipschitz continuous. Given
a control signal w : [to, 1] — U, the state @ : [to, 1] — R”
is said to be a solution to the system in (1) if it is continuous
and satisfies the differential equation (1) for all ¢ € [to, t1].

A. Control Barrier Functions
In this work, the safety specification is formulated as a set
C(t) :={x e R" | b(x,t) > 0} 2)
where b : R™ x Ry — R is a continuously differential
function. We also let C(t) = {x € R™ | b(x,t) = 0} be
the boundary and Int(C(t)) = {x € R" | b(x,t) > 0} be
the interior of C(t), respectively. For safety critical control
of the dynamic system, we introduce the following concepts.

Definition 1 (Extend class K., functions). A continuous
Sfunction a: R~ — R~ is called a extend class K function
if it is strictly increasing with «(0) = 0 and is defined on
the entire real line R = (—o00, 00).

Definition 2 (Forward invariance). A set C(t) is forward
invariant under control law w if for all initial state xo €
C(to), there exists a continuous trajectory x : [to,t1] — R"
of (1) with x(tg) = xo and x(t) € C(t) for all t € [to, t1].

Definition 3 (Control Barrier Function). Given the dynamic
system (1), then function b : R"™ x Rsq is a control barrier
function (CBF) on the set C(t) defined in (2) if there exists
a extend class Ko function o such that for all (x,t) €
C(t) X [to, t1], the following condition holds:

T
wp {8b(w,t) ab(z, t)
ueld

o (f@) + gl@p) + Z | > —alb(@.)

B. Signal Temporal Logic

Signal Temporal Logic (STL) is a formal language used
to specify temporal properties of continuous-time signals. A
STL formula consists of predicates u, whose truth values are
determined based on the evaluation of a predicate function
h: R™ — R over a continuous signal x(t), as follows:

) True if h(x(t)) >0
| False

if h(z(t)) <0 ®)
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The syntax of STL defines a formula ¢ by

¢ =True | p| =¢ | ¢1 Ada | ¢1Upap) 2 | Flap@ | Glap @
“
where ¢ and ¢, are STL formulas, and a,b € R>( with
a < b are temporal bounds. In this syntax, = denotes logical
negation, and A represents logical conjunction. The temporal
operators are defined as follows: Fj, ;¢ expresses that ¢
eventually holds within the time interval [a, b] (Eventually),
Gq,p) ¢ requires ¢ to hold throughout the interval (Always),
and ¢1U[, ) @2 specifies that ¢ must hold continuously until
¢2 becomes true within [a, b] (Until).
The satisfaction relation (x,¢) &= ¢ indicates that the
signal « : R>o — R" satisfies the STL formula ¢ at time ¢.
The semantics of STL are defined recursively as follows:

@ﬂ%u & ha(t)) > 0
(@) = - & ((z,1) = ¢)
<,>%@A@ & (@ 1) 61 A (@,1) = b2
(x,t) = p1 U 2 < 3t €ft+a,t+0] st (x,t') = b2
AV € [, (z, 1) E ¢

(z,1) = Flap¢ W elt+at+b) st (zt)Ed
(x,t) = Glan¢ eVt elt+a,t+b], (x,t) E o
Additionally, the robustness measure p(x,t,¢) € R quanti-
fies the degree of satisfaction of ¢ by signal x at time ¢:
p(x,t, True) = 1
pla,t, ) = h(z(t))
p(x,t,=¢) = —p(,t,¢)

(

(

7

P (I:,t,¢1 A ¢2) = min{p(wﬂf, ¢1)ap(wat7¢2)}

p(x,t, 01U 51 02) =

sup min{p(w,t’,gbg), inf p(w,t”,gbl)}
t/€ft+a,t+b] t7elt+a,t]
p(mvtvF[a,b]¢) = sup p(mvt/7¢)
t’e[t+a t+b]
t,Ga, inf A 0).
p(x, b0) = e p(x,t', ¢)

C. Problem Formulation
Our goal is to design a controller that enforces the given

STL specifications of the dynamical system. Then the key
problem of this work is formulated below.

Problem 1 (STL control synthesis). Given the nonlinear
control-affine system described in (1) and an STL formula
¢ in (5b), then consider the following STL fragments:

W ==True | | —p | 1 Ao, (5a)
¢ ==Flan | Glap? | V10U p2 | é1 A @2, (5b)
where 1,19 are logical expressions, and ¢1,po are STL
Sformulas. Then design a control law u(x,t) such that the
trajectory x : R>g — R" satisfies ¢ for all time t > 0.
ITI. CONTROL SYNTHESIS APPROACH

This section presents a task decomposition based signal
temporal logic (STL) control strategy that leverages STL
semantics to synthesize optimal controllers that provably
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enforce the given specification. Specifically, the STL formula
is decomposed as “eventually” and “always” sub-formulas,
then we employ attractive potential fields (APF) and control
barrier functions (CBF) to design the respective controllers.

A. Decomposition of STL Formulas

In order to decompose the given STL formula, we begin
by reformulating the Until operator.

Lemma 1 ([12], [23]). For an atomic formula ¢ :=
V1002 as defined in (5b), it can be decomposed into
the conjunction: ¢ = Gq 51 A Flap)to.

If there exists ¢ € [a,b] such that (x,t') = o AV €
[a,t'], (x,t") = 11, then Lemma 1 is a sufficient but not
necessary condition for ¢ = G, 4191 A Flq,p)t2. Although
this decomposition does not strictly follow the original
definition of STL semantics, it has been widely adopted in
control synthesis [12], [23]. Next, Theorem 1 is established.

Theorem 1 (Decomposition of STL formula). If the com-
posed Eventually and Always formulas are rewritten as:

bF =Flay¥ | dF1 A OF2, (62)

bG =Gl p | b1 A G2, (6b)
where ¢p1,0ps and ¢gi,Pge are recursive instances of
Eventually and Always formulas, respectively. Then any STL
formula class ¢ can be represented as:

¢ =or N og. (7

Proof. Consider a formula ¢ defined as in (5b), which
contains the conjunction of £ Until atomic formulas:

k
¢ =¢p Noar N\ ($1,Ula, b1%1,) -
i=1
By Lemma 1, each Until formula ;, Ujg, 3,19, is conserva-
tively approximated by the conjunction for some t; € [a;, b;]:
Vi Ulay b %is = Fla, p%iz N Glag b %i, -
Substituting these expressions, we obtain:

k k
¢ = (¢ A N Flaspgin) A (dar A\ Glavti)

i=1 i=1
=¢r A 9c. (®)
This concludes the proof. O

B. Optimal Control Design Based on Decomposed STL

This subsection introduces optimization-based controller
synthesis based on the decomposed STL formula, expressed
as ¢ = ¢r A ¢g. Time-varying CBFs are utilized to enforce
the composed “Eventually” formula given in (6a) is inte-
grated into the objective function through an APF, meanwhile
the composed“Always” formula described in (6b).

In the context of multiple temporal operators, a smooth
approximation of the minimum operator is utilized. Given k
functions h;(xz(t)), the approximation is defined as:

k

h(a(t)) := i (Z exp(nhi(w(t))> )

n i=1
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where ¢ € {1,...,k}, and n > 0 is an approximation
parameter. As established in [24], the expression in (9) serves
as a smooth under-approximation of the minimum function,
satisfying h(x(t)) < min h;(x(t)).

1) Composed Eventually Formula: For the composed
Eventually formula ¢ defined in (6a), the robustness mea-
sure is incorporated into the objective function using an APF.
Consider an atomic formula without conjunctions of the form
®F, = Fla, v,)%i, where the robustness of the predicate v); is
given by p(x,t,1;) = h;(x(t)). To encode the satisfaction
of ¢, into the objective function, we adopt a cumulative
robustness formulation that is nspired by [24]:

/3(113,t, (bFz) = Z P(wvt//l/h')-

t'€laq,bs)

(10)

This cumulative measure aggregates robustness over the
interval [a;, b;], unlike traditional robustness metrics that only
consider the critical time instant (e.g., the supremum). The
goal is to maximize p(x, ¢, ¢, ) over the entire interval, im-
proving the temporal satisfaction of the Eventually operator.

For real-time feedback controller design, since p(x, ¢, ¢, )
is accumulated by p(x,t,v;), p(x,t,1;) is directly set as
the stage optimization objective. This formulation induces an
APF associated with ¢, for the system described in (1) [26]:

1 .
A¢>Fl (w7t) = iKF || p(w,t,True) - p(wvtaqbl) ”27 (1)

where Ky > 0 is a tuning parameter and its gradient with
respect to p(ax,t,1;) is given by:

VAy,, (z,t) =——2ri
or ap (.’L’, t7 %)

=Kp | p(a,t, True) — p(x, t,¢5) || . (12)

Since VA, (z,t) decreases along the trajectory that satis-
fies the predicate p = True, it is employed as the minimized
objective in the optimal control problem.

Next, we extend the composed Eventually formula ¢p

with conjunctions. For ¢p = /\f:1 ¢r;, the cumulative
robustness measure is given by:
pl@,top)= > minp(@,t,di).  (13)

tlEU?:l[aivbi]

Similar to the no-conjunction case, the optimization ob-
jective for a real-time feedback controller is min p(x, t, ;).
To facilitate gradient-based optimization, inspired by (9) and
(13), we derive a smooth under-approximation, denoted as
the approximate robustness measure of ¢p:

k
~ 1
p(m7t7¢F) = nilln (ZQXP(_nlp(mat7¢z)> ) (14)
i=1
where 77 > 0 is a parameter related to approximation
accuracy. Then the composed APF is:

VA, (x,t) = Kp || p(x,t, True) — p(z,t,¢0p) || . (15)

Compared to the CBF-based formulation in [12], the pro-
posed APF-based method avoids enforcing the “Eventually”
operator as a hard constraint over conservative time intervals.
Instead, it incorporates task satisfaction into the objective
function, making the controller more feasible.
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2) Composed Always Formula: For ¢q as defined in
(6b), following the approach proposed in [12], we adopt
CBFs to encode the STL constraints within the optimal con-
troller. We begin by considering the Always atomic formula
¢a; = Gla, ,1%: Without conjunctions. The robustness of the
predicate v; is defined as p(x,t,v;) = h;(x(t)). Assuming
that (z,0) = ¢¢,, a candidate CBF is constructed as

bi(m7t) = p(m, t, w7) - %(t)v
where 7;(t) is a safety margin function. For a given signal «
such that b;(x,t) > 0 for all ¢ > 0, it follows that (x,t) =
¢¢, for all t > 0, which implies (x,0) = ¢, .

We then analyze the composed Eventually formula ¢¢
with conjunctions. Consider ¢g = /\f’:1 ¢, where ¢g, =
Gla,,b,)%i corresponds to an atomic Always formula. If
CBF b;(x,t) satisfy the conditions outlined in [12], then a
composed CBF b(x,t) can be constructed using a smooth
approximation (9) of the minimum operator as follows:

k
b(x,t) =— niln (Z exp(—ngbi(a},t)> . (16)
2 i=1
where 72 > 0 is a tuning parameter related to approxi-
mation accuracy. The corresponding constraint, defined in
accordance with Definition 3, is given by:
ob(x,t ob(x,t
DD (4 @) s glayu) + P20
where « is a class K function that ensures forward invariance
of the safe set defined by the CBF. Satisfaction of the
inequality (17) ensures that (x,t) = ¢¢ holds for all ¢ > 0.
3) Controller Synthesis: Based on (15) and (16), the
optimal control input is obtained by combining APFs and
CBFs to satisfy the “Eventually” and “Always” formulas,
respectively. Then the optimization problem is formulated:

> —a(b(z, 1), (17)

J*(x) = meill}uTQu + VAy. (x,1), (18a)
ob(z,t ob(x,t

st P ) 1 gl + 22D > a(via ),

(18b)

where J*(x) is the objective function and ) is a positive
definite matrix.

IV. NUMERICAL SIMULATION

This section provides a numerical case study to evaluate
the performance of the proposed STL control approach.
The simulations are conducted in Python language using
the IPOPT solver [27]. Results demonstrate that our method
outperforms several benchmarks under different tasks.

A. Simulation Settings

We consider a mobile robot modeled by a two-dimensional
double integrator system. The state vector is defined as
x = [2,y,vs,v,] |, where (z,y) represents the position and
(vx,vy) denotes the velocity in the X and Y directions,
respectively. The control input vector u = [uy,u,]" cor-
responds to the accelerations in each direction.

The robot operates in a bounded 2-D environment illus-
trated in Fig. 1. Within this environment, the robot is required
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to complete a set of temporally constrained tasks specified
by an STL formula within 150 seconds. Let the robot
position be denoted by p := (z,y). The three target regions,
marked in green, are specified by pre1 = (Trel,Yrel)s
Pre2 = (*TT827y7’82) and Pre3 = ($r637yr53)s which the
robot must reach sequentially. Additionally, two red-marked
regions represent obstacles, located at pop1 = (Zop1, Yob1)
and pop2 = (Tob2, Yob2 ), Which must be avoided.

14

Obstacles
124 Regions
10 Reg2 Obs2
8 Reg3
6 4
4 B
24 Obs1 Regl
0 4
-2 T T T T T
-5 0 5 10 15 20

Fig. 1: Simulation environment with targets and obstacles.
The STL specification is: ¢ := ¢1 A ¢ A ¢3 A ¢4, where

#1 :=Flao:60) (| p — Pre1 IS 1.5),
$2 :=Figo:100] (|| » — Prez2 ||< 1.5),
#3 :=Go.150) (|| P — Pob1 [|> 2.5),
b4 :=(|| p = Pov2 1= 2.5)Upn00:150) (| P — Pres [|< 1.5).

Note that ¢ imposes the following temporal requirements:
the robot must start from the origin, reach Region 1 within
[40,60] seconds, and subsequently reach Region 2 within
[80, 100] seconds. Additionally, it must maintain a safe dis-
tance of at least 2.5 units from Obstacle 2 during the interval
[100,150] seconds until it successfully reaches Region 3,
and avoid Obstacle 1 throughout the entire 150-second time
horizon. To facilitate controller synthesis, the Until operator
in ¢4 is decomposed into two components as follows:

b4 = Ora N Oga

where ¢ry = Flio0.150) (| P — pres [|< 1.5) and pgy =
Gro0:150) (I P — pov2 ||> 2.5). This enables the trans-
formation of the original formula ¢ into a conjunction of
Eventually and Always components: ¢p = ¢1 A P2 A ¢y
and ¢ = ¢3 N ¢ga. The proposed optimal control method
in Section III is then employed to synthesize a feedback
controller that satisfies the decomposed STL formula.

B. Simulation Results

We evaluate the performance of our approach and compare
it with two existing baselines under the same parameters:

o Approach 1: Encodes the entire STL specification as hard
constraints using CBFs.

o Approach 2: Incorporates the cumulative STL robustness
metric into the objective function, without decomposition.

o Approach 3 (Our method): Employs a task decomposition-
based control strategy that integrates APFs for the Even-
tually formulas and CBFs for the Always formulas.

Authorized licensed use limited to: The Hong Kong University of Science and Technology (Guangzhou). Downloaded on May 12,2026 at 15:22:34 UTC from IEEE Xplore. Restrictions apply.



To better illustrate the STL task completion, we define a
variant of robustness measure denoted by p,(x,t, ¢) for the
signal « at time ¢, which is used in the remainder of the
simulation section when there is no confusion.

po(x, t, True) = 1
po(@,t, pu) = p(a,t, 1)
po(®,t,2¢) = —po(x,1t,9)
Po(T,t, 1 A d2) = min{po(x,t, ¢1), po(@, t, 2)}
Po(@,t, Flap)®) = po(x,t,9)
Po(®,t, Glap)®) = po(x,t,P)
po(,t, p1ULq 51 P2) =
min{po(x, t, Fiq,502), po(x, t, Gla501)}-
Then for Eventually, Always and Until formulas, we have:
(@, t) E d1Upp 02 <3 €t+a,t+10]
s.t. po(x,t, 01U py02) > 0

(@,1) F Fland o3t e [t+a,t+ b
s.t. po(x,t, Fiap¢) > 0
(z,t) E Gap 9 &V € [t +a,t + b]

s.t. po(x,t, Glap9) > 0.

The simulation results are illustrated in Figs. 2—4. Fig. 2
shows an overview of the trajectories under each approach.
The robot starts from (0,0) and sequentially attempts to
complete task ¢. Fig. 3 presents more detailed subplots of
robot trajectories for each method. The time i, to, and t3
indicate when ¢1, @2, and ¢, are satisfied, respectively.

14
Obstacles e .
124 Regions L Y
104 B STL_CBF // \\
Bl STL_RobustnessObjective ;< T 4
g- HEE STL OurApproach | \$
6 .
4
2 .
04
_2 T
-5 0 5 10 15 20

Fig. 2: Comparison of robot trajectories

Fig. 3a (Approach 1) illustrates a conservative path that
strictly respects safety constraints via CBFs. Fig. 3b (Ap-
proach 2) shows failure to reach the second region and a
collision with Obstacle 2, due to conflicting objectives in the
robustness formulation. Fig. 3¢ (Approach 3) demonstrates
an efficient trajectory that fulfills all temporal tasks.

The temporal evolution of critical metrics under each
approach is shown in Fig. 4. Fig. 4a shows the CBF values
in Approach 1, confirming the satisfaction of constraint
b(x,t) > 0. Fig. 4b depicts the robustness for Approach
2, where persistently negative values in the interval [80, 100]
indicate violation of ¢s. Fig. 4c shows the robustness for
Approach 3, which remains positive in sufficient time inter-
vals to signal task completeness. Detailed analysis of each
approach’s performance is presented below:
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o Approach 1 ensures strict satisfaction of the STL task by
enforcing CBF constraints. As shown in Fig. 4a, the con-
straint b(x,t) > 0 is always satisfied. However, encoding
the “Eventually” operator as a hard constraint results in
overly conservative behavior and longer trajectories.

o Approach 2 optimizes STL robustness. However, the robot
fails to reach Region 2 and finally collides with Obstacle
2 due to conflicting temporal goals between ¢o and ¢y,

o Approach 3 effectively balances task satisfaction and
safety by integrating robustness-based objectives and
safety constraints within a unified optimization framework.
The robot successfully completes all given tasks without
any violations and demonstrates a more efficient trajectory
than the baseline methods that only involve CBFs.

The quantitative results are summarized in Table I, show-
ing that our approach (Approach 3) outperforms the others
by achieving total task satisfaction with no violations while
maintaining efficiency in trajectory length. Unlike the CBF-
only method (Approach 1), it balances safety and goal at-
tainment, and unlike the robustness-only method (Approach
2), it avoids conflicts in temporal objectives.

TABLE I. OBSERVATION DATA

Data Approach 1 Approach 2 Approach 3
t1 57 47 41

to 96 None 79

t3 148 105 121
Distance 37.695 26.470 31.041
Violating Times 0 26 0

V. CONCLUSIONS

This paper proposed a task decomposition-based optimal
control framework for nonlinear systems to achieve Signal
Temporal Logic (STL) specifications. Specifically, the STL
task was decomposed into two types of formulas: “Eventu-
ally” and “Always”. Attractive potential fields (APF) were
employed to drive the system towards satisfying the Even-
tually formula. Time-varying control barrier functions were
designed to enforce the Always formula. Then an optimiza-
tion problem integrating the two formulations is addressed,
which generates the desirable controller. Simulation results
demonstrated that the proposed approach reliably achieves
complex temporal tasks with strict timing and safety re-
quirements, even in dynamic and constrained environments.
Future research will extend the framework to multi-agent
systems, enhance the scalability and incorporate learning-
based techniques adaptive to uncertain environments.
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